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A precise analytic solution that includes the effects of the reference orbit eccentricity and differential pertur-
bations is needed for the relative motion of formation-�ying satellites. As a result of the spherical Earth and
circular reference orbit assumptions, Hill’s equations, which have often been used for describing relative motion,
are insuf� cient for the long-term prediction of the relative motion. A new approach, called the geometric method,
is developed to obtain the state transition matrix for the relative motion that includes the effects caused by the
reference orbit eccentricity and the differential gravitational perturbations. The geometric method uses the rela-
tionship between the relative states and differential orbital elements to obtain the state transition matrix instead
of directly solving the complex relative motion differential equations. The state transition matrices are derived for
both mean and osculating elements with the primary gravitational perturbation that results from the equatorial
bulge term J2. Althoughthe results are based on the J2 effects, the approach can be extended easily to include other
perturbing forces.

I. Introduction

T HE equations describing the relative motion of satellites are
neededfor rendezvousand formation-�ying satellites.The ren-

dezvousproblemis of short duration, and there are frequent thruster
� rings.Therefore,the long-termaccuracyof the equationsof motion
is not as important in the rendezvous problem as in the formation-
� ying problem,and the Clohessy–Wiltshireequations1 (Hill’s equa-
tions) or a modi� ed version incorporating small eccentric effects
are usually suf� cient. However, Hill’s equations are based on the
assumptions that the reference orbit is circular, the Earth is spheri-
cally symmetric, and the target orbit is very close to the reference
orbit such that there is no externalperturbingforce and the nonlinear
terms in the relativemotion can be neglected.These assumptionsre-
sult in unacceptableerrors in the long-termpredictionof the relative
motion for formation-�ying satellites. To minimize fuel consump-
tion and maximize lifetime, a more accurate solution for the relative
motion is needed.

Closed-form solutions of the relative motion for an elliptic refer-
ence orbit without perturbationswere derived independently in the
1960s by Lawden2 and Tschauner and Hempel.3 The Tschauner–
Hempel solution has numerical singularities in that there are terms
with the eccentricity in the denominator. The Lawden solution is
in mixed variables. In 1996 Garrison et al.4 used the same basic
approach that is used in this paper to derive another closed-form
solution, but they used different variables with no perturbations.In
addition, there have been several expanded solutions in powers of
the eccentricityforunperturbednoncircularreferenceorbit.Melton5

used a novel approach to obtain a solution as a function of time or
mean anomaly. Vaddi et al.6 derived corrections to the initial condi-
tions for the � rst-order effects of the eccentricity and J2 effects for
zero eccentricity. However, there has been no approach that incor-
porates the primarygravitationalperturbation J2 when the reference
orbit is eccentric.
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The purpose of this paper is to derive the state transition matrices
with both osculating and mean elements for the relative motion
of two neighboring satellites when the reference satellite is in an
elliptic orbit and both satellitesare subjected to the J2 perturbation.
Using the geometric transformation,the state transitionmatrices are
obtainedin closed form for the mean elementsand for the osculating
elements without directly solving the differential equations under
the existence of gravitational perturbation J2 .

In this paper the orbital elements of the reference satellite,
named as the Chief, and the relative position and velocity vec-
tors of the target satellite, named as the Deputy, are de� ned as
e D .a; µ; i; q1; q2; Ä/T and X D .x; Px; y; Py; z; Pz/T , where µ is the
argument of latitude,q1 D e cos !, and q2 D e sin !. This set is used
because the true anomalyand the argument of perigeeare unde� ned
for a circularorbitand there are numericalproblemsin theeccentric-
ity mean to osculating transformation for small eccentricity. After
obtaining the orbital elements of the Deputy by a Taylor-series ex-
pansion about the orbital elements of the Chief, the relative orbital
elements between them are obtained by ±e D ed ¡ ec. All of the
orbital elements without subscript are for the Chief, and X and ±e
are for the Deputy. To obtain more accurate results, the curvilinear
coordinate system represented by unit vectors f Oex ; Oey; Oezg with the
originat theChief is used insteadof the localverticallocalhorizontal
(LVLH) Cartesian frame. That means that x is the difference in the
radii and y and z are the curvilinear distances along the imaginary
circular orbit on the reference orbital plane and perpendicular to
the reference orbit, respectively,at the instantaneoustime as shown
in Fig. 1.

II. Geometric Method
Using the osculating elements for the Chief and the Deputy

under the in� uence of J2 and the total angular velocity $ D
Pµ Oez C PÄ Ok C Pi.cos µ Oex ¡ sin µ Oey/, where fOi ; Oj ; Okg are unit vectors
in the Earth-centered-inertial (ECI) reference frame, the geomet-
ric transformationbetween X.t/ and ±e.t/ is represented by

X.t/ D fA.t/ C ®B.t/g±e.t/ (1)

where ® D 3J2 R2
e , Re is the equatorial radius of the Earth, and

the matrix B.t/ contains only the terms perturbed by J2. Let
Áe be the state transition matrix for the relative osculating el-
ements, that is, ±e.t/ D Áe±e.t0/. Therefore, from the solution
X.t/ D 8J2 .t ; t0/X.t0/, the state transition matrix for the relative
motion 8J2 .t ; t0/is

8J2 .t ; t0/ D fA.t/ C ®B.t/gÁe.t; t0/fA.t0/ C ®B.t0/g¡1 (2)
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Fig. 1 Curvilinear coordinate system.

Using the transformation matrix D.t/ from the relative mean el-
ements to the relative osculating elements and the state transition
matrix NÁē.t; t0/ for the relative mean elements,

±eosc.t/ D D.t/±emean D D.t/ NÁē.t; t0/±ē.t0/

D D.t/ NÁē.t ; t0/D¡1.t0/±eosc.t0/

D.t/ D @eosc

@emean
(3)

8J2 .t ; t0/ becomes

8J2 .t ; t0/ D fA.t/ C ®B.t/gD.t/ NÁē.t ; t0/D¡1.t0/

£fA.t0/ C ®B.t0/g¡1 (4)

The state transition matrix for mean elements is

N8J2 .t ; t0/ D f NA.t/ C ® NB.t/g NÁē.t ; t0/f NA.t0/ C ® NB.t0/g¡1 (5)

Because the mean and osculating elements are equal when J2 D 0,
NA.t/ D A.t/. The angular velocities for mean and for osculating

elements are different; consequently, NB.t/ 6D B.t/.

Transformation Matrix §(t) ´́ fA(t) + ®B(t)g
Using the approach given in Alfriend et al.,7 the position and the

velocity of the Chief and the Deputy are
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Rd D Rc C ½ D .R C x/ Oex C y Oey C z Oez
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where

$ ´ .$r / Oex C .$t / Oey C .$n/ Oez (7)

This same approach was used by Garrison et al.4 with a different
set of variables to develop the state transition matrix without J2.
Also, the position and velocity of the Deputy can be obtained in
curvilinear coordinates by using the Taylor-series expansion about
the Chief and the geometric transformation:
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where s° D sin ° and c° D cos ° for the angle ° . The variables
with ± are obtained by a Taylor-series expansion about the Chief.
The velocity is divided into two parts. The � rst part is expressed
in terms of the orbital elements and has the same form as that for
unperturbedmotion.The other,denotedby1, is thevariationcaused
by only J2 .

V j J2 D V j C 1V j

±V j J2 D ±V j C ±1V j . j D r; t; n/ (9)

From the orbit equation

±R D .R=a/±a C
£
.R2=p/.q1 sin µ ¡ q2 cos µ/

¤
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¡
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C R2 cos µ=p
¢
±q1 ¡

¡
2Raq2=p C R2 sin µ=p

¢
±q2 (10)

Therefore, from Eqs. (6–10) the general relationship between X.t/
and ±e.t/ becomes
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To obtain the matrix 6.t/ for the osculating elements, use the dis-
turbing function through J2

< D ¡ ¹J2 R2
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The time variationsof the orbital elementscausedby J2 are obtained
from Lagrange’s planetary equations.8
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where n D
p

.¹=a3/ and ´2 D 1 ¡ e2. For convenience, all of the
variables of the Chief and the Deputy without subscripts are os-
culating in this section. The total angular velocity for osculating
elements including the effect of J2 is

$ D . PÄ sin µ sin i C Pi cos µ/ Oex C . PÄ cosµ sin i ¡ Pi sin µ/ Oey

C . Pµ C PÄ cos i/ Oez (15)

Because the orbit plane is de� ned by the position and velocity, the
velocityof the Chief must be in the referenceorbitalplane.Applying
this constraint gives

PÄ cos µ sin i D Pi sin µ (16)

and the angular velocity becomes

$r D
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sin µ
; $t D 0; $n D Pµ C PÄ cos i (17)

The total angular momentum that is always perpendicular to the
instantaneousorbital plane is
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¹p (18)

The time rate of the true anomaly is9
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Using the vis-viva integral and other relationships,8 the velocity in
terms of the osculating elements is
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p
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Also, from Eqs. (9), (10), and (20)
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SubstitutingEqs. (17), (20), and (21) into Eq. (11) for the general re-
lationship yields the transformation matrix 6.t/ ´ fA.t/ C ®B.t/g
for osculating elements. The simpli� ed form of this matrix is in
Appendix A. The matrix A.t/ has the same form as the matrix A.t/
for the unperturbed noncircular case.7 However, they are not nu-
merically the same because the J2 effect is implied in all of the
orbital elements and velocity.The inverse matrix 6¡1.t/ is given in
Appendix B. A¡1.t/ can be obtained by setting J2 D 0 in 6¡1.t/.

Matrix ¹B(t)
Becausethemeanelementsdescribethe long-termseculareffects,

it might be advantageous to use them for describing the relative
motion. For the mean elements the angular velocitywill be different
because the constraint that the velocity must be in the orbit plane
no longer applies. Using the same process just described, but with
only secular variations10 caused by J2 after neglecting J 2

2 terms,
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where ´2
0 D 1 ¡ q2

10 ¡ q2
20. The subscript0 means the values at t0 and

all of the elements are mean in this section. Because Pi .s/ D 0, the
total angular velocity for the mean elements becomes
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Also, the variations of the velocity become

1Vr D ¡.R2=p/.q1 sin µ ¡ q2 cos µ/ P!.s/

1Vt D R cos i PÄ.s/; 1Vn D ¡R cos µ sin i PÄ.s/ (24)

Therefore, from Eqs. (23) and (24) the relationship N6.t/ ´
f NA.t/ C ® NB.t/g between Xmean and ±emean can be obtained from
Eq. (11). Although N6.t/ is a function of the mean elements, NA.t/
has the same form as A.t/. Thus, only the matrix NB.t/ is provided
in Appendix C.

State Transition Matrix for Relative Mean Orbital Elements ¹Áē (t; t0)
With only the secular variations by J2 in Eq. (12), the mean

elements are
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where all of the elements without subscript are the mean elements.
Now, to obtain the equation for µ de� ne

µ D f C ! D true argument of latitude

¸ D M C ! D mean argument of latitude

F D E C ! D eccentric argument of latitude (26)
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Fig. 2 Relationship between F and µ.

From Kepler’s equation M D E ¡ e sin E , the modi� ed Kepler’s
equation between ¸ and F becomes
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Figure 2 is used to obtain the relationship between the eccentric
argument of latitude F and the true argument of latitude µ . The
point P in f&; ´g with the angle F is
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the eccentric argument of latitude in terms of the mean elements
becomes
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After de� ning the function G and using the variations in Eq. (22),
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the state transitionmatrix for the relativemean elements is obtained
by taking the Taylor-series expansions of Eqs. (25) and (35) about
the Chief,

±emean.t/ D NÁē.t; t0/±emean.t0/ (36)

This matrix NÁē.t; t0/ is given in Appendix D as a function of time
and the initial mean elements.

Transformation Matrix Between the Relative Mean and Osculating
Elements D(t)

The osculatingelementscan be obtainedas functionsof the mean
elements

eosc D emean C 1ep (37)
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1ep denotes the long- and the short-period variations caused by
the primary gravitationalperturbation J2 and are obtained from the
generating function11 via
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The Delaunay variables are de� ned as

L D
p

¹a; G D L.1 ¡ e2/
1
2 ; H D G cos i

l D mean anomaly; g D argumant of perigee

h D right ascension (41)

Note that the short-periodportion has been separated into two parts
and the mean to osculatingtransformationis a single transformation
rather than two transformations of mean to long period and long
period to short period as is usually done.11 Using this generating
function, 1ep is obtained by the transformation, and � nally eosc is
obtained by

eosc D emean ¡
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Then, the transformation matrix D.t/ for the relative elements is
obtained by the partial derivatives of the osculating elements with
respect to the mean elements:
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The quantities e.l p/, e.sp1/, e.sp2/ , D.l p/.t/, D.sp1/.t/, and D.sp2/.t/
are in Appendix E in terms of the mean elements emean .
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III. Numerical Evaluation
To evaluate the proposed method, the predicted relative motion

by the geometric method is compared with the numerical results
obtainedby numerically integratingthe equationsof motion of both
satellitesin the Earth-centered-inertial(ECI) reference frame with a
J2 » J5 gravity � eld, transformingthe position and velocity vectors
from ECI frame to the Chief LVLH frame, transforming them to
the curvilinear frame, and differencing them to obtain the relative
position and velocity vectors.The J2 » J5 gravity � eld has been se-
lected rather than just J2 because it is more representativeof the real
world. For the comparison of the theories, the initial conditions are
chosen such that the projection of the relative orbit in the horizon-
tal plane is a circle when the Chief orbit is circular with the same
semimajor axis. The out-of-planemotion is created by a differential
inclination, not differential right ascension. The 0.005 eccentricity
will result in a slight drift away from this desired orbit even if there
is no perturbation12 because the Deputy initial conditionsbased on a
circular referenceorbit generate a small differentialsemimajor axis.

The initial conditions are given in Table 1 along with the differ-
ences in orbital elements. First, the errors in the geometric method
are evaluated for the case of a spherically symmetric Earth. For
validation, the geometric method was compared to the Garrison’s
theory4 with J2 D 0, and theywerenumericallyequal,demonstrating
that it gives another representation for the relative motion for an

Table 1 Initial conditions for an
unperturbed near-circular orbit

Satellite Condition value

Chief
a, km 7100
µ , deg 180
i , deg 70
q1 4.698£ 10¡3

q2 1.710£ 10¡3

Ä, deg 45
Deputy

x, m 0
Px, m/s 0.264
y, m 500
Py, m/s 0
z, m 0
Pz, m/s 0.528
±a , m ¡0:839
±µ , deg 4.016£ 10¡3

±i , deg ¡4:054£ 10¡3

±q1 1.199£ 10¡7

±q2 3.554£ 10¡5

±Ä, deg 0

Fig. 3 Positionerrors in the geometric methodfor anear-circularorbit
and a spherically symmetric Earth.

eccentric reference orbit when J2 D 0. The errors in the geometric
method are shown in Fig. 3, and they are centimeter level. Because
the geometricmethod incorporatestheChieforbit eccentricity,these
small errors are due to the linearization.

For the perturbed relative motion the initial conditions in Table 1
are consideredas perturbed initial osculatingelements for the Chief
and the osculatingvaluesof the relativepositionand velocity for the
Deputy. The initial mean conditions for the Chief and the Deputy
are obtainedby the precedingclosed-formtransformationequations
and shown in Table 2. There will be a small error in the initial mean

a) For osculating elements

b) For mean elements

Fig. 4 Position errors in the geometric method for a perturbed near-
circular orbit.

Fig. 5 Maximumin-track errors per 1day near the critical inclination.
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conditionsbecausethe osculatingto mean transformationis just � rst
order. The error is O.J 2

2 /.
Compared with the numerical solution that includes the J2 » J5

gravitationalperturbations,the errors in the geometric method with
only J2 are shown in Fig. 4 for a perturbed near-circular orbit.
Figure 4a shows the errors for the osculating elements, and Fig. 4b
shows the errors for the mean elements. The small and essentially

Table 2 Initial mean conditions for a
perturbed near-circular orbit

Satellite Mean condition value

Chief
a, km 7091.870
µ , deg 180.0002
i , deg 69.9880
q1 5.230£ 10¡3

q2 1.709£ 10¡3

Ä, deg 45.0001
Deputy

x, m 0.710
Px, m/s 0.264
y, m 500.135
Py, m/s ¡1:491£ 10¡3

z, m 0.151
Pz, m/s 0.527
±a, m ¡0.415
±µ , deg 4.019£ 10¡3

±i , deg ¡4:056£ 10¡3

±q1 1.601£ 10¡7

±q2 3.561£ 10¡5

±Ä, deg 1.279£ 10¡6

a) For osculating elements

b) For mean elements

Fig. 6 Geometric method errors for various eccentricities.

negligiblein-trackseculargrowth shown in both � gures results from
the neglected terms of O.J 2

2 /. The larger errors in the mean element
solution shown in Fig. 4b occur because a mean element solution
is compared to the exact osculating solution. Thus, the differences
between the errors in two � gures are the effects of the long- and the
short-period terms on the relative motion.

This theory is valid for all inclinationsexcept near the critical in-
clinationsand near-equatorialorbits. A new theory13 using equinoc-
tial elements has been developed for the near-equatorialorbits. The
theory is invalid at the critical inclinationbecause the Brouwer the-
ory is not valid at the critical inclinationbecauseof the .1 ¡ 5 cos2 i/
terms in the denominatorsin the mean to osculatingtransformation.
Figure 5 shows the maximum in-track error after one day as a func-
tion of inclination near the critical inclination for various eccen-
tricities with the Chief semimajor axis of 12,000 km. From these
results it is concluded that the geometric method is valid except
within 0.25 deg of the critical inclination.In the analytic orbit theo-
ries used by U.S. Space Command and Naval Space Command for
maintainingthe spaceobjectcatalog,the criticalinclinationproblem
is handled by letting .1 ¡ 5 cos2 i/ D "sign.1 ¡ 5 cos2 i/ whenever
j1 ¡ 5 cos2 i j < ". This avoids the small denominator problem. This
option was not explored.

Figure 6 shows theerrorsforvariousChief eccentricitiesusing the
relativeorbit initial conditionsin Table 2 with the semimajor axis of
12,000km. The error½ in denotes the error in relativepositionof the
Deputy,"½ D

p
."2

x C "2
y C "2

z /. Althoughthe errors increase some as
theChief eccentricityincreases,theyare small.Becausethis solution
is valid for all eccentricitiesand to O.J2/, it is likely that these errors
result from the neglectedhigher-ordergravitationalterms,which are
O.J 2

2 /, and whose magnitudeincreaseswith increasingeccentricity.

a) For osculating elements

b) For mean elements

Fig. 7 Geometric method errors for various radii of the projected cir-
cular relative orbits.
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To evaluate the effect of the linearization, the Chief initial condi-
tions are selected as given in Table 2, and the Deputy initial condi-
tions are selected to result in a projected circular orbit for a circular
Chief orbit. As shown in Fig. 7, the error increases as the size of the
relative orbit increases and has a small growth in the magnitude as
time passes, where ½0 is the initial radius of the projected circular
relative orbit. They show the small initial biased errors as a result
of the linearization in the geometric method.

IV. Conclusions
Using the geometric method, a state transition matrix (STM) of

the relativemotion of neighboringsatelliteshas beenderived for the
case of an elliptic Chief orbit and the in� uence of the gravitational
perturbation J2. The closed-form STMs for both mean elements
and osculating elements have been derived. The comparison with
the numerical solution that includes the effects of the gravitational
perturbations J2 » J5 shows that the geometric method, which in-
cludes the Chief orbit eccentricityand the � rst-order J2 effects,pro-
vides a very precise solution to the relative motion without having
to directly solve the complex relative motion differential equations.
This method can easily be extended to include the effects of other
perturbing forces such as higher-ordergravitational terms or differ-
ential atmospheric drag. These STMs are valid for any eccentricity,
and simpler approximated forms can be obtained if the eccentricity
is very small. For example, if the mean eccentricity is 0.0001 then
a much simpli� ed STM might be reasonable only with � rst-order
non-J2 terms and zeroth-order J2 terms in eccentricity. This STM
could be developed by dropping the appropriate terms.

Appendix A: Transformation Matrix
§(t) ´́ fA(t) + ®B(t)g

611 D
R

a
; 612 D

RVr

Vt

613 D 0; 614 D ¡ 2Raq1

p
¡

R2 cos µ

p

615 D ¡2Raq2

p
¡

R2 sin µ

p
; 616 D 0

621 D ¡
1

2

Vr

a
; 622 D

³
Vt

p

´
.R ¡ p/

623 D 0; 624 D
Vr aq1

p
C

RVt

p
sin µ

625 D
Vr aq2

p
¡

RVt

p
cos µ; 626 D 0

631 D 0; 632 D R; 633 D 0; 634 D 0

635 D 0; 636 D R cos i

641 D ¡3

2

Vt

a
; 642 D ¡Vr

643 D ¡®

³
Vt sin i cos i sin2 µ

pR

´

644 D
Vt

p
.3aq1 C 2R cos µ/; 645 D

Vt

p
.3aq2 C 2R sin µ /

646 D Vr cos i C ®

³
Vt sin2 i cos i sin µ cos µ

pR

´

651 D 0; 652 D 0; 653 D R sin µ; 654 D 0

655 D 0; 656 D ¡R sin i cos µ

661 D 0; 662 D ®

³
Vt sin i cos i sinµ

pR

´

663 D Vr sin µ C Vt cos µ; 664 D 0; 665 D 0

666 D ¡.Vr cos µ ¡ Vt sin µ/ sin i C ®

³
Vt sin i cos2 i sin µ

pR

´

Appendix B: Inverse Matrix §¡1(t) ´́ fA(t) + ®B(t)g¡1

6¡1
11 D ¡

³
2a

R3V 2
t

´£
3aV 2

t .R ¡ p/ ¡ 2
¡
apV 2

r C R2V 2
t

¢¤

6¡1
12 D 2a2 pVr

R2V 2
t

6¡1
13 D

³
2aVr

R3V 3
t

´£
2aV 2

t .R ¡ p/ ¡
¡
apV 2

r C R2V 2
t

¢¤

6¡1
14 D ¡

³
2a

R2V 3
t

´£
2aV 2

t .R ¡ p/ ¡
¡
apV 2

r C R2V 2
t

¢¤

6¡1
15 D ¡®

³
2a sin i cos i sin µ

pR4V 2
t

´£
2aV 2

t .R ¡ p/ ¡
¡
apV 2

r C R2V 2
t

¢¤

6¡1
16 D 0

6¡1
21 D 0; 6¡1

22 D 0; 6¡1
23 D 1

R
C ®

³
cos2 i sin2 µ

pR2

´

6¡1
24 D 0; 6¡1

25 D
³

Vr sin µ C Vt cos µ

RVt

´³
cos i

sin i

´

6¡1
26 D ¡

³
sin µ

Vt

´³
cos i

sin i

´

6¡1
31 D 0; 6¡1

32 D 0; 6¡1
33 D ¡®

³
sin i cos i sin µ cos µ

pR2

´

6¡1
34 D 0; 6¡1

35 D ¡ .Vr cos µ ¡ Vt sin µ /

RVt
; 6¡1

36 D cosµ

Vt

6¡1
41 D

p.2Vr sin µ C 3Vt cos µ/

R2Vt
; 6¡1

42 D
³

p

RVt

´
sin µ

6¡1
43 D ¡

³
1

R2V 2
t

´£
pVr .Vr sinµ C Vt cos µ/ ¡ .R ¡ p/V 2

t sin µ
¤

C ®

³
cos2 i sin2 µ

pR3Vt

´
[pVr cos µ C .R ¡ p/Vt sin µ ]

6¡1
44 D

³
p

RV 2
t

´
.Vr sin µ C 2Vt cos µ/

6¡1
45 D

³
1

R2V 2
t

´
.Vr sin µ C Vt cos µ/[pVr cos µ C .R ¡ p/Vt sin µ ]

£
³

cos i

sin i

´
C ®

³
sin i cos i sin µ

Vt R3

´
.Vr sin µ C 2Vt cos µ/

6¡1
46 D ¡

³
sin µ

RV 2
t

´
[pVr cos µ C .R ¡ p/Vt sin µ ]

³
cos i

sin i

´

6¡1
51 D ¡

p.2Vr cos µ ¡ 3Vt sin µ/

R2Vt
; 6¡1

52 D ¡
³

p

RVt

´
cos µ

6¡1
53 D

³
1

R2V 2
t

´£
pVr .Vr cos µ ¡ Vt sin µ/ ¡ .R ¡ p/V 2

t cos µ
¤

C ®

³
cos2 i sin2 µ

pR3Vt

´
[pVr sin µ ¡ .R ¡ p/Vt cos µ ]
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6¡1
54 D ¡

³
p

RV 2
t

´
.Vr cos µ ¡ 2Vt sin µ/

6¡1
55 D

³
1

R2V 2
t

´
.Vr sin µ C Vt cos µ/[pVr sinµ ¡ .R ¡ p/Vt cos µ ]

£
³

cos i

sin i

´
¡ ®

³
sin i cos i sin µ

Vt R3

´
.Vr cos µ ¡ 2Vt sin µ/

6¡1
56 D ¡

³
sin µ

RV 2
t

´
[pVr sin µ ¡ .R ¡ p/Vt cosµ ]

³
cos i

sin i

´

6¡1
61 D 0; 6¡1

62 D 0; 6¡1
63 D ¡®

³
cos i sin2 µ

pR2

´

6¡1
64 D 0; 6¡1

65 D ¡
³

Vr sin µ C Vt cos µ

RVt sin i

´
; 6¡1

66 D sin µ

Vt sin i

Appendix C: Matrix ¹B(t)

NB11 D 0; NB12 D 0; NB13 D 0; NB14 D 0

NB15 D 0; NB16 D 0

NB21 D 5

8

nRVr

ap2Vt
.5 cos2 i ¡ 1/

NB22 D ¡1

4

n R

p3V 2
t

.5 cos2 i ¡ 1/
£
2pV 2

r ¡ V 2
t .R ¡ p/

¤

NB23 D 5
2

nRVr

p2Vt
.sin i cos i/

NB24 D
1

4

n R

p3Vt
.5 cos2 i ¡ 1/f2Vr .R cos µ ¡ aq1/ ¡ RVt sin µg

NB25 D 1

4

n R

p3Vt
.5 cos2 i ¡ 1/f2Vr .R sin µ ¡ aq2/ C RVt cos µg

NB26 D 0

NB31 D 0; NB32 D 0; NB33 D 0

NB34 D 0; NB35 D 0; NB36 D 0

NB41 D 7

4

n R

ap2
cos2 i; NB42 D ¡1

4

n RVr

p2Vt
.5 cos2 i ¡ 1/

NB43 D 1
2

nR

p2
.sin i cos i/; NB44 D ¡2

nRaq1

p3
cos2 i

NB45 D ¡2
nRaq2

p3
cos2 i; NB46 D ¡

1

4

n RVr cos i

p2Vt
.5 cos2 i ¡ 1/

NB51 D 0; NB52 D 0; NB53 D 0; NB54 D 0

NB55 D 0; NB56 D 0

NB61 D ¡7
4

nR

ap2
.cos µ sin i cos i/; NB62 D 0

NB63 D ¡1

4

nR

p2Vt

©
Vr sin µ.5 cos2 i ¡ 1/ C 2Vt cos µ sin2 i

ª

NB64 D 2
n Raq1

p3
.cos µ sin i cos i/

NB65 D 2
n Raq2

p3
.cos µ sin i cos i/

NB66 D
1

4

nRVr

p2Vt
cos µ sin i.5 cos2 i ¡ 1/

where

® D 3J2 R2
e ; n D

p
¹=a3; p D a

¡
1 ¡ q2

1 ¡ q2
2

¢

R D p=.1 C q1 cos µ C q2 sin µ /

Vr D
p

¹=p.q1 sin µ ¡ q2 cos µ/

Vt D
p

¹=p.1 C q1 cosµ C q2 sin µ/

Appendix D: State Transition Matrix
for Relative Mean Elements ¹Áē(t; t0)

NÁ Ne 11 D 1; NÁ Ne 12 D 0; NÁ Ne 13 D 0

NÁ Ne 14 D 0; NÁ Ne 15 D 0; NÁ Ne 16 D 0

NÁ Ne 21 D ¡ .t ¡ t0/

G µ

»³
3

2

n0

a0

´
C 7®

8

³
n0

a0 p2
0

´£
´0

¡
3 cos2 i0 ¡ 1

¢

C K
¡
5 cos2 i0 ¡ 1

¢¤¼

NÁ Ne 22 D ¡
Gµ0

Gµ

NÁ Ne 23 D ¡ .t ¡ t0/

Gµ

»
®

2

³
n0

p2
0

´
.sin i0 cos i0/.3´0 C 5K /

¼

NÁ Ne 24 D ¡ 1
G µ

¡
Gq10 C cf P!.s/.t ¡ t0/gGq1 C sf P!.s/.t ¡ t0/gGq2

¢

C .t ¡ t0/

G µ

³
®

4

´³
a0n0q10

p3
0

´£
3´0

¡
3 cos2 i0 ¡ 1

¢

C 4K
¡
5 cos2 i0 ¡ 1

¢¤

NÁ Ne 25 D ¡ 1
G µ

¡
Gq20 ¡ sf P!.s/.t ¡ t0/gGq1 C cf P!.s/.t ¡ t0/gGq2

¢

C .t ¡ t0/

G µ

³
®

4

´³
a0n0q20

p3
0

´£
3´0

¡
3 cos2 i0 ¡ 1

¢

C 4K
¡
5 cos2 i0 ¡ 1

¢¤

NÁ Ne 26 D 0

NÁ Ne 31 D 0; NÁ Ne 32 D 0; NÁ Ne 33 D 1

NÁ Ne 34 D 0; NÁ Ne 35 D 0; NÁ Ne 36 D 0

NÁ Ne 41 D 7®

8

³
n0

a0 p2
0

´¡
q10sf P!.s/.t ¡ t0/g C q20cf P!.s/.t ¡ t0/g

¢

£
¡
5 cos2 i0 ¡ 1

¢
.t ¡ t0/

NÁ Ne 42 D 0

NÁ Ne 43 D
5®

2

³
n0

p2
0

´¡
q10sf P!.s/.t ¡ t0 /g C q20cf P!.s/.t ¡ t0 /g

¢

£.sin i0 cos i0/.t ¡ t0/

NÁ Ne 44 D cf P!.s/.t ¡ t0/g ¡ ®

³
a0n0q10

p3
0

´¡
q10sf P!.s/.t ¡ t0 /g C q20cf P!.s/.t ¡ t0 /g

¢

£
¡
5 cos2 i0 ¡ 1

¢
.t ¡ t0/

NÁ Ne 45 D ¡sf P!.s/.t ¡ t0/g ¡ ®

³
a0n0q20

p3
0

´¡
q10sf P!.s/.t ¡ t0 /g C q20cf P!.s/.t ¡ t0 /g

¢

£
¡
5 cos2 i0 ¡ 1

¢
.t ¡ t0/
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NÁ Ne 46 D 0

NÁ Ne 51 D ¡ 7®

8

³
n0

a0 p2
0

´¡
q10cf P!.s/.t ¡ t0/g ¡ q20sf P!.s/.t ¡ t0/g

¢

£
¡
5 cos2 i0 ¡ 1

¢
.t ¡ t0/

NÁ Ne 52 D 0

NÁ Ne 53 D ¡ 5®

2

³
n0

p2
0

´¡
q10cf P!.s/.t ¡ t0/g ¡ q20sf P!.s/.t ¡ t0/g

¢

£.sin i0 cos i0/.t ¡ t0/

NÁ Ne 54 D sf P!.s/.t ¡ t0/g C ®

³
a0n0q10

p3
0

´¡
q10cf P!.s/.t ¡ t0 /g ¡ q20sf P!.s/.t ¡ t0 /g

¢

£
¡
5 cos2 i0 ¡ 1

¢
.t ¡ t0/

NÁ Ne 55 D cf P!.s/.t ¡ t0/g C ®

³
a0n0q20

p3
0

´¡
q10cf P!.s/.t ¡ t0 /g ¡ q20sf P!.s/.t ¡ t0 /g

¢

£
¡
5 cos2 i0 ¡ 1

¢
.t ¡ t0/

NÁ Ne 56 D 0

NÁ Ne 61 D 7®

4

³
n0 cos i0

a0 p2
0

´
.t ¡ t0/; NÁ Ne 62 D 0

NÁ Ne 63 D
®

2

³
n0 sin i0

p2
0

´
.t ¡ t0/

NÁ Ne 64 D ¡2®

³
n0a0q10 cos i0

p3
0

´
.t ¡ t0/

NÁ Ne 65 D ¡2®

³
n0a0q20 cos i0

p3
0

´
.t ¡ t0/; NÁ Ne 66 D 1

Ga D @G

@a
D 0; Ga0 D @G

@a0
D 0

Gµ D @G

@µ
D

nR

Vt
; G µ0 D @G

@µ0
D ¡

n0 R0

Vt0

D.l p/

11 D ¡
³

1
a

´
a.lp/; D.l p/

12 D D.lp/

13 D D.lp/

14 D D.l p/

15 D D.lp/

16 D 0

D.l p/

21 D ¡
³

2
a

´
µ .lp/; D.l p/

22 D ¡
³

sin2 i

16a2´4

´
.1 ¡ 102 cos2 i/[2.q1 cos µ ¡ q2 sin µ/ C "1 cos 2µ ]

D.l p/

23 D
³

sin2i

16a2´4

´
f5q1q2.11 C 1122 cos2 i C 52022 cos4 i C 80023 cos6 i/ ¡ [2q1q2 C .2 C "2/.q1 sin µ C q2 cos µ/]

£ [.1 ¡ 102 cos2 i/ C 102 sin2 i .1 C 52 cos2 i/]g

D.l p/

24 D
³

1
16a2´6

´©¡
´2 C 4q2

1

¢£
q2.3 ¡ 55 cos2 i ¡ 2802 cos4 i ¡ 40022 cos6 i/ ¡ sin2 i.1 ¡ 102 cos2 i/.3q2 C 2 sinµ /

¤

¡ 2 sin2 i.1 ¡ 102 cos2 i/[4q2 C sinµ .1 C "1/]q1 cos µ
ª

D.l p/

25 D
³

1

16a2´6

´©¡
´2 C 4q2

2

¢£
q1.3 ¡ 55 cos2 i ¡ 2802 cos4 i ¡ 40022 cos6 i/ ¡ sin2 i.1 ¡ 102 cos2 i/.3q1 C 2 cos µ/

¤

¡ 2 sin2 i.1 ¡ 102 cos2 i/[4q1 C cos µ.1 C "1/]q2 sin µ
ª

D.l p/

26 D 0

G i D @G

@i
D 0; G i0 D @G

@i0

D 0

Gq1 D
@G

@q1
D

q2

´.1 C ´/
C

q1Vr

´Vt
¡

´R.a C R/

p2
.q2 C sin µ/

Gq10 D @G

@q10
D ¡

q20

´0.1 C ´0/
¡

q10Vr0

´0Vt0

C ´0 R0.a0 C R0/

p2
0

.q20 C sin µ0/

Gq2 D @G

@q2
D ¡

q1

´.1 C ´/
C

q2Vr

´Vt
C ´R.a C R/

p2
.q1 C cos µ/

Gq20 D
@G

@q20
D

q10

´0.1 C ´0/
¡

q20Vr0

´0Vt0

¡ ´0 R0.a0 C R0/

p2
0

.q10 C cos µ0/

GÄ D @G

@Ä
D 0; GÄ0 D @G

@Ä0
D 0

where

sf P!.s/.t ¡ t0/g D sin
£

P!.s/.t ¡ t0/
¤
; cf P!.s/.t ¡ t0/g D cos

£
P!.s/.t ¡ t0/

¤

´2
0 D 1 ¡ q2

10 ¡ q2
20; ´2 D 1 ¡ q2

1 ¡ q2
2

Vr D
p

¹=p.q1 sin µ ¡ q2 cos µ/

Vt D
p

¹=p.1 C q1 cos µ C q2 sin µ/

P!.s/ D 3
4

J2.Re=p0/
2n0

¡
5 cos2 i0 ¡ 1

¢

K D 1 C Gq1

¡
q10sf P!.s/.t ¡ t0/g C q20cf P!.s/.t ¡ t0/g

¢

¡ Gq2

¡
q10cf P!.s/.t ¡ t0 /g ¡ q20sf P!.s/.t ¡ t0 /g

¢

Appendix E: Transformation Matrix from Mean
to Osculating Elements D(t)
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D.l p/

31 D ¡
³

2
a

´
i .l p/; D.lp/

32 D 0; D.l p/

33 D
³

q2
1 ¡ q2

2

16a2´4

´
[cos 2i.1 ¡ 102 cos2 i/ C 52 sin2 2i.1 C 52 cos2 i/]

D.l p/

34 D
³

q1 sin 2i

16a2´6

´
.1 ¡ 102 cos2 i/

£
´2 C 2

¡
q2

1 ¡ q2
2

¢¤
; D.lp/

35 D ¡
³

q2 sin 2i

16a2´6

´
.1 ¡ 102 cos2 i/

£
´2 ¡ 2

¡
q2

1 ¡ q2
2

¢¤
; D.l p/

36 D 0

D.l p/

41 D ¡
³

2
a

´
q1

.lp/; D.l p/

42 D 0; D.lp/

43 D ¡
³

q1 sin 2i

16a2´4

´ "
´2[.1 ¡ 102 cos2 i/ C 102 sin2 i.1 C 52 cos2 i/

¤

C 5q2
2 .11 C 1122 cos2 i C 52022 cos4 i C 80023 cos6 i/

#

D.l p/

44 D ¡
³

1

16a2´6

´ "
´2 sin2 i.1 ¡ 102 cos2 i/

¡
´2 C 2q2

1

¢

C q2
2 .3 ¡ 55cos2 i ¡ 2802 cos4 i ¡ 40022 cos6 i/

¡
´2 C 4q2

1

¢

#

D.l p/

45 D ¡
³

q1q2

8a2´6

´£
´2 sin2 i.1 ¡ 102 cos2 i/ C .3 ¡ 55 cos2 i ¡ 2802 cos4 i ¡ 40022 cos6 i/

¡
´2 C 2q2

2

¢¤
; D.lp/

46 D 0

D.l p/

51 D ¡
³

2
a

´
q2

.lp/; D.l p/

52 D 0; D.lp/

53 D
³

q2 sin 2i

16a2´4

´ "
´2.1 ¡ 102 cos2 i/ C 102´2 sin2 i.1 C 52 cos2 i/

C 5q2
1 .11 C 1122 cos2 i C 52022 cos4 i C 80023 cos6 i/

#

D.l p/

54 D
³

q1q2

8a2´6

´£
´2 sin2 i.1 ¡ 102 cos2 i/ C .3 ¡ 55 cos2 i ¡ 2802 cos4 i ¡ 40022 cos6 i/

¡
´2 C 2q2

1

¢¤

D.l p/

55 D
³

1
16a2´6

´ "
´2 sin2 i.1 ¡ 102 cos2 i/

¡
´2 C 2q2

2

¢

C q2
1 .3 ¡ 55 cos2 i ¡ 2802 cos4 i ¡ 40022 cos6 i/

¡
´2 C 4q2

2

¢

#

; D.l p/

56 D 0

D.l p/

61 D ¡
³

2
a

´
Ä.lp/; D.l p/

62 D 0; D.lp/

63 D ¡
³

q1q2 sin i

8a2´4

´£
.11 C 802 cos2 i C 20022 cos4 i/ C 1602 cos2 i.1 C 52 cos2 i/2

¤

D.l p/

64 D
³

q2 cos i

8a2´6

´
.11 C 802 cos2 i C 20022 cos4 i/

¡
´2 C 4q2

1

¢
; D.l p/

65 D
³

q1 cos i

8a2´6

´
.11 C 802 cos2 i C 20022 cos4 i/

¡
´2 C 4q2

2

¢

D.l p/

66 D 0

D.sp1/

11 D ¡
³

1
a

´
a.sp1/; D.sp1/

12 D ¡
³

3"3

2a´6

´
.1 ¡ 3 cos2 i/.1 C "2/2; D.sp1/

13 D
³

3 sin 2i

2a´6

´£¡
1 C "2/3 ¡ ´3

¤

D.sp1/

14 D
³

3.1 ¡ 3 cos2 i/

2a´8

´£
2q1.1 C "2/3 C ´2.1 C "2/2 cosµ ¡ ´3q1

¤

D.sp1/

15 D
³

3.1 ¡ 3 cos2 i/

2a´8

´£
2q2.1 C "2/3 C ´2.1 C "2/2 sin µ ¡ ´3q2

¤
; D.sp1/

16 D 0

D.sp1/

21 D ¡
³

2
a

´
µ .sp1/; D.sp1/

22 D
µ

.1 ¡ 3 cos2 i/

4a2´4.1 C ´/

¶£
"2.1 C "2 ¡ ´/ ¡ "2

3

¤
C

µ
3.1 ¡ 5 cos2 i/

4a2´4.1 C "2/2

¶£
.1 C "2/3 ¡ ´3

¤

D.sp1/

23 D
µ

3"3 sin 2i

4a2´4.1 C ´/

¶
[.1 C "2/ C .5 C 4´/] C

³
15 sin 2i

4a2´4

´
.µ ¡ ¸/

D.sp1/

24 D
µ

.1 ¡ 3 cos2 i/

4a2´6.1 C ´/2

¶©
´2["1 sinµ C .1 C ´/."2 sin µ C "3 cos µ/] C q1"3[4."1 C "2/ C ´.2 C 5"2/]

ª

C
µ

3.1 ¡ 5 cos2 i/

4a2´6

¶©
4q1[.µ ¡ ¸/ C "3] C ´2 sin µ

ª
¡

µ
3.1 ¡ 5 cos2 i/

4a2´4

¶
.¸q1 /

D.sp1/

25 D ¡
µ

.1 ¡ 3 cos2 i/

4a2´6.1 C ´/2

¶©
´2["1 cos µ C .1 C ´/."2 cos µ ¡ "3 sin µ/] ¡ q2"3[4."1 C "2/ C ´.2 C 5"2/]

ª

C
µ

3.1 ¡ 5 cos2 i/

4a2´6

¶©
4q2[.µ ¡ ¸/ C "3] ¡ ´2 cosµ

ª
¡

µ
3.1 ¡ 5 cos2 i/

4a2´4

¶
.¸q2 /



966 GIM AND ALFRIEND

D.sp1/

26 D 0

D.sp1/

31 D ¡
³

2
a

´
i .sp1/; D.sp1/

32 D D.sp1/

33 D D.sp1/

34 D D.sp1/

35 D D.sp1/

36 D 0

D.sp1/

41 D ¡
³

2
a

´
q1

.sp1/

D.sp1/

42 D ¡
µ

.1 ¡ 3 cos2 i/

4a2´4

¶£
.1 C "2/.2 sin µ C "2 sin µ C 2"3 cos µ/ C "3.q1 C cos µ/ C ´2 sin µ

¤
¡

µ
3q2.1 ¡ 5 cos2 i/

4a2´4.1 C "2/2

¶£
.1 C "2/3 ¡ ´3

¤

D.sp1/

43 D
µ

3q1 sin2i

4a2´2.1 C ´/

¶
C

³
3 sin 2i

4a2´4

´©
.1 C "2/[q1 C .2 C "2/ cos µ ] ¡ 5q2"3 C ´2 cos µ

ª
¡

³
15q2 sin 2i

4a2´4

´
.µ ¡ ¸/

D.sp1/

44 D
µ

.1 ¡ 3 cos2 i/

4a2´2.1 C ´/

¶
C

µ
.1 ¡ 3 cos2 i/

8a2´6

¶ »
´2[5 C 2.5q1 cos µ C 2q2 sin µ/ C .3 C 2"2/ cos 2µ ]

C 2q1[4.1 C "2/.2 C "2/ cos µ C .3´ C 4"2/q1]

¼

C
µ

.1 ¡ 3 cos2 i/q2
1 .4 C 5´/

4a2´6.1 C ´/2

¶
¡

µ
3q2.1 ¡ 5 cos2 i/

4a2´6

¶£
4q1"3 C ´2 sin µ

¤
¡

µ
3q1q2.1 ¡ 5 cos2 i/

a2´6

¶
.µ ¡ ¸/ C

µ
3q2.1 ¡ 5 cos2 i/

4a2´4

¶
.¸q1 /

D.sp1/

45 D
µ

.1 ¡ 3 cos2 i/

8a2´6

¶ »
´2[2.q1 sin µ C 2q2 cosµ / C .3 C 2"2/ sin 2µ ]

C 2q2[4.1 C "2/.2 C "2/ cos µ C .3´ C 4"2/q1]

¼
C

µ
.1 ¡ 3 cos2 i/q1q2.4 C 5´/

4a2´6.1 C ´/2

¶

¡
µ

3.1 ¡ 5 cos2 i/

4a2´6

¶£
"3.´

2 C 4q2
2

¢
¡ ´2q2 cos µ

¤
¡

µ
3.1 ¡ 5 cos2 i/

4a2´6

¶£¡
´2 C 4q2

2

¢
.µ ¡ ¸/

¤
C

µ
3q2.1 ¡ 5 cos2 i/

4a2´4

¶
.¸q2 /

D.sp1/

46 D 0

D.sp1/

51 D ¡
³

2
a

´
q2

.sp1/

D.sp1/

52 D
µ

.1 ¡ 3 cos2 i/

4a2´4

¶£
.1 C "2/.2 cos µ C "2 cos µ ¡ 2"3 sin µ/ ¡ "3.q2 C sin µ/ C ´2 cos µ

¤
C

µ
3q1.1 ¡ 5 cos2 i/

4a2´4.1 C "2/2

¶£
.1 C "2/3 ¡ ´3

¤

D.sp1/

53 D
µ

3q2 sin2i

4a2´2.1 C ´/

¶
C

³
3 sin 2i

4a2´4

´©
.1 C "2/[q2 C .2 C "2/ sin µ ] C 5q1"3 C ´2 sin µ

ª
¡

³
15q1 sin2i

4a2´4

´
.µ ¡ ¸/

D.sp1/

54 D
µ

.1 ¡ 3 cos2 i/

8a2´6

¶ »
´2[2.2q1 sin µ C q2 cosµ / C .3 C 2"2/ sin 2µ ]

C 2q1[4.1 C "2/.2 C "2/ sin µ C .3´ C 4"2/q2]

¼
C

µ
.1 ¡ 3 cos2 i/q1q2.4 C 5´/

4a2´6.1 C ´/2

¶
C

µ
3.1 ¡ 5 cos2 i/

4a2´6

¶

£
£
"3

¡
´2C4q2

1

¢
C ´2q1 sin µ

¤
C

µ
3.1 ¡ 5 cos2 i/

4a2´6

¶£¡
´2 C 4q2

1

¢
.µ ¡ ¸/

¤
¡

µ
3q1.1 ¡ 5 cos2 i/

4a2´4

¶
.¸q1 /

D.sp1/

55 D
µ

.1 ¡ 3 cos2 i/

4a2´2.1 C ´/

¶
C

µ
.1 ¡ 3 cos2 i/

8a2´6

¶ »
´2[5 C 2.2q1 cos µ C 5q2 sin µ/ ¡ .3 C 2"2/ cos 2µ ]

C 2q2[4.1 C "2/.2 C "2/ sin µ C .3´ C 4"2/q2]

¼
C

µ
.1 ¡ 3 cos2 i/q2

2 .4 C 5´/

4a2´6.1 C ´/2

¶

C
µ

3q1.1 ¡ 5 cos2 i/

4a2´6

¶£
4q2"3 ¡ ´2 cos µ

¤
C

µ
3q1q2.1 ¡ 5 cos2 i /

a2´6

¶
.µ ¡ ¸/ ¡

µ
3q1.1 ¡ 5 cos2 i/

4a2´4

¶
.¸q2 /

D.sp1/

56 D 0

D.sp1/

61 D ¡
³

2
a

´
Ä.sp1/; D.sp1/

62 D
µ

3 cos i

2a2´4.1 C "2/2

¶£
.1 C "2/

3 ¡ ´3
¤
; D.sp1/

63 D ¡
³

3"3 sin i

2a2´4

´
¡

³
3 sin i

2a2´4

´
.µ ¡ ¸/

D.sp1/

64 D
³

3 cos i

2a2´6

´¡
4q1"3 C ´2 sin µ

¢
C

³
6q1 cos i

a2´6

´
.µ ¡ ¸/ ¡

³
3 cos i

2a2´4

´
.¸q1 /

D.sp1/

65 D
³

3 cos i

2a2´6

´¡
4q2"3 ¡ ´2 cos µ

¢
C

³
6q2 cos i

a2´6

´
.µ ¡ ¸/ ¡

³
3 cos i

2a2´4

´
.¸q2 /; D.sp1/

66 D 0
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D.sp2/

11 D ¡
³

1
a

´
a.sp2/; D.sp2/

12 D
³

3 sin2 i

2a´6

´
.1 C "2/2[2.1 C "2/ sin 2µ C 3"3 cos 2µ ]; D.sp2/

13 D ¡
³

3 sin 2i cos 2µ

2a´6

´
.1 C "2/

3

D.sp2/

14 D ¡
³

9 sin2 i cos 2µ

2a´8

´
.1 C "2/2

£
2q1.1 C "2/ C ´2 cos µ

¤

D.sp2/

15 D ¡
³

9 sin2 i cos 2µ

2a´8

´
.1 C "2/2

£
2q2.1 C "2/ C ´2 sin µ

¤
; D.sp2/

16 D 0

D.sp2/

21 D ¡
³

2
a

´
µ .sp2/; D.sp2/

22 D ¡
³

1
8a2´4

´ (
3.3 ¡ 5 cos2 i/[.q1 cos µ ¡ q2 sin µ/ C 2 cos 2µ C .q1 cos 3µ C q2 sin 3µ /]

¡ sin2 i [5.q1 cos µ ¡ q2 sin µ/ C 16 cos 2µ C 9.q1 cos3µ C q2 sin 3µ/]

)

D.sp2/

23 D ¡
³

sin 2i

8a2´4

´
[10.q1 sin µ C q2 cosµ / C 7 sin 2µ C 2.q1 sin 3µ ¡ q2 cos 3µ/]

D.sp2/

24 D ¡
µ

.3 ¡ 5 cos2 i/

8a2´6

¶ ©
4q1[3 sin 2µ C q2.3 cos µ ¡ cos 3µ/] C

¡
´2 C 4q2

1

¢
.3 sin µ C sin 3µ/

ª
¡

µ
sin2 i

8a2´2.1 C ´/

¶
.3 sin µ C sin 3µ/

¡
µ

sin2 i

32a2´4.1 C ´/

¶
8
><

>:

36q2 ¡ 4.2 C 3´/ sin µ ¡ .39 C 12´ C ´2/ sin 3µ C 9"1 sin 5µ C 12q2.2q1 cos µ C q2 sin µ /

C 9q1.q1 sin 3µ ¡ q2 cos 3µ/ C 18.3q1 sin 4µ C 2q2 cos 4µ/ ¡ 3q1.q1 sin 5µ ¡ 11q2 cos 5µ/

C 24[.1 C "2/.2 C "2/ sin µ C "3.3 C 2"2/ cos µ ] cos 2µ

9
>=

>;

¡
µ

3 sin2 i

32a2´4.1 C ´/2

¶ £
4 sin µ ¡ 6q1 sin 4µ ¡ q1.q1 sin 5µ C q2 cos 5µ /

¤

C
µ

q1 sin2 i

8a2´6.1 C ´/

¶ £
20.1 C ´/.q1 sin µ C q2 cosµ/ C 32.1 C ´/ sin 2µ C 3.4 C 3´/.q1 sin 3µ ¡ q2 cos 3µ /

¤

¡
µ

q1 sin2 i.4 C 5´/

32a2´6.1 C ´/2

¶
8
><

>:

24.q1 sin µ C q2 cosµ/ C 24"3.1 C "2/.2 C "2/ cos 2µ ¡ .27 C 3´/.q1 sin 3µ ¡ q2 cos3µ/

¡ 18 sin 4µ ¡ 3.q1 sin 5µ C q2 cos 5µ /

C 12q2[.3 C "2/q1 C 3.q1 cos4µ C q2 sin 4µ/ C q1.q1 cos5µ C q2 sin 5µ/]

9
>=

>;

D.sp2/

25 D ¡
µ

.3 ¡ 5 cos2 i/

8a2´6

¶ ©
4q2[3 sin 2µ C q1.3 sin µ C sin 3µ /] C

¡
´2 C 4q2

2

¢
.3 cos µ ¡ cos 3µ/

ª
¡

µ
sin2 i

8a2´2.1 C ´/

¶
.3 cos µ ¡ cos 3µ/

¡
µ

sin2 i

32a2´4.1 C ´/

¶
8
><

>:

36q1 ¡ 4.2 C 3´/ cos µ C .39 C 12´ C ´2/ cos 3µ C 9"1 cos 5µ C 12q1.q1 cos µ C 2q2 sin µ/

C 9q2.q1 sin 3µ ¡ q2 cos 3µ/ C 18.2q1 cos 4µ C 7q2 sin 4µ/ C 3q2.11q1 sin 5µ ¡ q2 cos 5µ/

C 24["3.3 C 2"2/ sin µ ¡ .1 C "2/.2 C "2/ cos µ ] cos 2µ

9
>=

>;

¡
µ

3 sin2 i

32a2´4.1 C ´/2

¶
[4 cos µ ¡ 6q2 sin 4µ ¡ q2.q1 sin 5µ C q2 cos 5µ/]

C
µ

q2 sin2 i

8a2´6.1 C ´/

¶
[20.1 C ´/.q1 sinµ C q2 cos µ/ C 32.1 C ´/ sin 2µ C 3.4 C 3´/.q1 sin 3µ ¡ q2 cos3µ/]

¡
µ

q2 sin2 i.4 C 5´/

32a2´6.1 C ´/2

¶
8
><

>:

24.q1 sin µ C q2 cosµ/ C 24"3.1 C "2/.2 C "2/ cos 2µ

¡ .27 C 3´/.q1 sin 3µ ¡ q2 cos 3µ/ ¡ 18 sin 4µ ¡ 3.q1 sin 5µ C q2 cos5µ/

C 12q2[.3 C "2/q1 C 3.q1 cos4µ C q2 sin 4µ/ C q1.q1 cos 5µ C q2 sin 5µ /]

9
>=

>;

D.sp2/

26 D 0

D.sp2/

31 D ¡
³

2
a

´
i .sp2/; D.sp2/

32 D
³

3 sin 2i

8a2´4

´
[.q1 sin µ C q2 cosµ / C 2 sin 2µ C .q1 sin 3µ ¡ q2 cos 3µ /]

D.sp2/

33 D ¡
³

cos 2i

4a2´4

´
[3.q1 cos µ ¡ q2 sin µ/ C 3 cos 2µ C .q1 cos 3µ C q2 sin 3µ/]
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D.sp2/

34 D ¡
³

sin 2i

8a2´6

´ ©
4q1[3 cos2µ ¡ q2.3 sin µ ¡ sin 3µ/] C

¡
´2 C 4q2

1

¢
.3 cos µ C cos 3µ /

ª

D.sp2/

35 D ¡
³

sin 2i

8a2´6

´ ©
4q2[3 cos2µ C q1.3 cos µ C cos 3µ/] ¡

¡
´2 C 4q2

2

¢
.3 sin µ ¡ sin 3µ /

ª

D.sp2/

36 D 0

D.sp2/

41 D ¡
³

2
a

´
q1

.sp2/

D.sp2/

42 D
µ

3q2.3 ¡ 5 cos2 i/

8a2´4

¶
[.q1 cos µ ¡ q2 sin µ/ C 2 cos 2µ C .q1 cos 3µ C q2 sin 3µ/]

C
³

3 sin2 i

32a2´4

´
8
><

>:

2

µ
2q2"2 ¡ 9q2.q1 cos3µ C q2 sin 3µ/ C 12.q1 sin 4µ ¡ q2 cos4µ/

¡ 5q2.q1 cos 5µ C q2 sin5µ/

¶

C
£
4
¡
1 C 3q2

1

¢
sinµ C 40q1 sin 2µ C .28 C 17"1/ sin3µ C 5"1 sin 5µ

¤

9
>=

>;

D.sp2/

43 D ¡
³

sin 2i

32a2´4

´
8
><

>:
2

"
36q1.q1 cos µ ¡ q2 sin µ/ C 30.q1 cos2µ ¡ q2 sin 2µ/ ¡ q2.q1 sin 3µ ¡ q2 cos 3µ/

C 9.q1 cos 4µ C q2 sin 4µ/ C 3q2.q1 sin 5µ ¡ q2 cos 5µ/

#

C [6q1.3 C 2q1 cos µ/ C 12.1 ¡ 4"1/ cos µ C .28 C 17"1/ cos 3µ C 3"1 cos 5µ ]

9
>=

>;

D.sp2/

44 D
µ

q2.3 ¡ 5 cos2 i/

8a2´6

¶ ©
4q1[3 sin 2µ C q2.3 cos µ ¡ cos 3µ/] C

¡
´2 C 4q2

1

¢
.3 sin µ C sin 3µ /

ª

¡
³

sin2 i

8a2´4

´ »
[8q1 cos 3µ ¡ 3q2.sin µ ¡ sin 3µ/]

C 3[5 C "2 C 3 cos 2µ C 3.q1 cos 3µ C q2 sin 3µ/] cos 2µ

¼

¡
³

3q1 sin2 i

4a2´6

´
8
><

>:

2q1[.q1 cosµ ¡ q2 sin µ/ C .q1 cos 3µ C q2 sin 3µ /]

C
µ

9 cos µ ¡ cos 3µ C 2q1.5 C "2/ C 6.q1 cos 2µ C q2 sin 2µ /

C 2q1.q1 cos 3µ C q2 sin3µ/

¶
cos2µ

9
>=

>;

D.sp2/

45 D
µ

.3 ¡ 5 cos2 i/

8a2´6

¶ ©¡
´2 C 4q2

2

¢
[3 sin 2µ C q1.3 sin µ C sin 3µ/] C 2q2

¡
´2 C 2q2

2

¢
.3 cosµ ¡ cos 3µ/

ª

C
³

sin2 i

16a2´4

´
[6.q1 sin µ C 2q2 cos µ/ ¡ .9q1 sin3µ C q2 cos3µ/ ¡ 9 sin 4µ ¡ 3.q1 sin 5µ C q2 cos5µ/]

¡
³

3q2 sin2 i

8a2´6

´
8
><

>:
2q1

µ
3 C 2.2q1 cos µ ¡ q2 sin µ/ C 10 cos 2µ C 3.q1 cos3µ C q2 sin 3µ/

C .q1 cos 5µ C q2 sin 5µ/

¶

C [8 cosµ C 9 cos3µ C 6.q1 cos 4µ C q2 sin 4µ/ ¡ cos5µ ]

9
>=

>;

D.sp2/

46 D 0

D.sp2/

51 D ¡
³

2
a

´
q2

.sp2/

D.sp2/

52 D ¡
µ

3q1.3 ¡ 5 cos2 i/

8a2´4

¶
[.q1 cosµ ¡ q2 sinµ / C 2 cos 2µ C .q1 cos 3µ C q2 sin 3µ/]

C
³

3 sin2 i

32a2´4

´
8
><

>:

2

µ
2q1"2 C 9q1.q1 cos3µ C q2 sin 3µ/ ¡ 12.q1 cos4µ C q2 sin 4µ/

¡ 5q1.q1 cos 5µ C q2 sin 5µ/

¶

C
£
4
¡
1 C 3q2

2

¢
cos µ C 40q2 sin 2µ ¡ .28 C 17"1/ cos 3µ C 5"1 cos5µ

¤

9
>=

>;

D.sp2/

53 D ¡
³

sin 2i

32a2´4

´
8
><

>:
2

µ
36q1.q1 sin µ C q2 cos µ/ C 30.q1 sin 2µ C q2 cos 2µ/ C q1.q1 sin 3µ ¡ q2 cos 3µ/

C 9.q1 sin 4µ ¡ q2 cos 4µ / C 3q1.q1 sin 5µ ¡ q2 cos5µ/

¶

¡ [6q2.3 C 2q2 sin µ/ C 12.1 C 2"1/ sin µ ¡ .28 C 17"1/ sin 3µ C 3"1 sin 5µ ]

9
>=

>;
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D.sp2/

54 D ¡
µ

.3 ¡ 5 cos2 i/

8a2´6

¶ ©¡
´2 C 4q2

1

¢
[3 sin 2µ C q2.3 cos µ ¡ cos 3µ /] C 2q1

¡
´2 C 2q2

1

¢
.3 sin µ C sin 3µ/

ª

¡
³

sin2 i

16a2´4

´
[6.2q1 sin µ C q2 cos µ/ C .q1 sin3µ C 9q2 cos 3µ/ C 9 sin 4µ ¡ 3.q1 sin 5µ C q2 cos 5µ/]

C
³

3q1 sin2 i

8a2´6

´
8
><

>:
2q2

µ
3 ¡ 2.q1 cos µ ¡ 2q2 sin µ/ ¡ 10 cos 2µ ¡ 3.q1 cos 3µ C q2 sin 3µ /

C .q1 cos 5µ C q2 sin 5µ/

¶

C [8 sin µ ¡ 9 sin 3µ ¡ 6.q1 sin 4µ ¡ q2 cos4µ/ ¡ sin 5µ ]

9
>=

>;

D.sp2/

55 D ¡
µ

q1.3 ¡ 5 cos2 i/

8a2´6

¶ ©
4q2[3 sin 2µ C q1.3 sin µ C sin 3µ/] C

¡
´2 C 4q2

2

¢
.3 cos µ ¡ cos 3µ/

ª

¡
³

sin2 i

8a2´4

´ »
[8q2 sin 3µ C 3q1.cosµ C cos3µ/]

C 3[5 C "2 ¡ 3 cos 2µ ¡ .q1 cos 3µ ¡ q2 sin 3µ/] cos 2µ

¼

¡
³

3 sin2 i

4a2´6

´ µ
9 sin µ ¡ sin 3µ C 2q2.5 C "2/ C 6.q1 sin 2µ ¡ q2 cos 2µ/

C 2q1.q1 sin 3µ ¡ q2 cos 3µ /

¶
.q2 cos 2µ/

D.sp2/

56 D 0

D.sp2/

61 D ¡
³

2
a

´
Ä.sp2/; D.sp2/

62 D ¡
³

3 cos i

4a2´4

´
[.q1 cos µ ¡ q2 sin µ / C 2 cos 2µ C .q1 cos 3µ C q2 sin 3µ/]

D.sp2/

63 D
³

sin i

4a2´4

´
[3.q1 sin µ C q2 cos µ/ C 3 sin 2µ C .q1 sin 3µ ¡ q2 cos 3µ/]

D.sp2/

64 D ¡
³

cos i

4a2´6

´©
4q1[3 sin 2µ C q2.3 cos µ ¡ cos3µ/] C

¡
´2 C 4q2

1

¢
.3 sin µ C sin 3µ/

ª

D.sp2/

65 D ¡
³

cos i

4a2´6

´©
4q2[3 sin 2µ C q1.3 sin µ C sin 3µ/] C

¡
´2 C 4q2

2

¢
.3 cosµ ¡ cos3µ/

ª
; D.sp2/

66 D 0

where,

a.l p/ D 0; ¸.lp/ D
µ

q1q2 sin2 i

8a2´2.1 C ´/

¶
.1 ¡ 102 cos2 i/ C

³
q1q2

16a2´4

´
.3 ¡ 55 cos2 i ¡ 2802 cos4 i ¡ 40022 cos6 i/

µ .l p/ D ¸.l p/ ¡
³

sin2 i

16a2´4

´
.1 ¡ 102 cos2 i/

»
q1q2

µ
3 C 2´2

.1 C ´/

¶
C 2.q1 sin µ C q2 cos µ/ C "1 sin2µ

2

¼

i .lp/ D
³

sin 2i

32a2´4

´
.1 ¡ 102 cos2 i/

¡
q2

1 ¡ q2
2

¢

q .l p/

1 D ¡
³

q1 sin2 i

16a2´2

´
.1 ¡ 102 cos2 i/ ¡

³
q1q2

2

16a2´4

´
.3 ¡ 55 cos2 i ¡ 2802 cos4 i ¡ 40022 cos6 i/

q .l p/

2 D
³

q2 sin2 i

16a2´2

´
.1 ¡ 102 cos2 i/ C

³
q2

1 q2

16a2´4

´
.3 ¡ 55cos2 i ¡ 2802 cos4 i ¡ 40022 cos6 i/

Ä.lp/ D
³

q1q2 cos i

8a2´4

´
.11 C 802 cos2 i C 20022 cos4 i/

a.sp1/ D
µ

.1 ¡ 3 cos2 i/

2a´6

¶£
.1 C "2/3 ¡ ´3

¤
; ¸.sp1/ D

µ
"3.1 ¡ 3 cos2 i/

4a2´4.1 C ´/

¶£
.1 C "2/2 C .1 C "2/ C ´2

¤
C

µ
3.1 ¡ 5 cos2 i/

4a2´4

¶
.µ ¡ ¸ C "3/

µ .sp1/ D ¸.sp1/ ¡
µ

"3.1 ¡ 3 cos2 i/

4a2´4.1 C ´/

¶£
.1 C "2/

2 C ´.1 C ´/
¤
; i .sp1/ D 0
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q .sp1/

1 D
µ

.1 ¡ 3 cos2 i/

4a2´4.1 C ´/

¶©£
.1 C "2/2 C ´2

¤
[q1 C .1 C ´/ cosµ ] C .1 C "2/[.1 C ´/ cos µ C q1.´ ¡ "2/]

ª
¡

µ
3q2.1 ¡ 5 cos2 i/

4a2´4

¶
.µ ¡ ¸ C "3/

q .sp1/

2 D
µ

.1 ¡ 3 cos2 i/

4a2´4.1 C ´/

¶©£
.1 C "2/2 C ´2

¤
[q2 C .1 C ´/ sin µ ] C .1 C "2/[.1 C ´/ sin µ C q2.´ ¡ "2/]

ª
C

µ
3q1.1 ¡ 5 cos2 i/

4a2´4

¶
.µ ¡ ¸ C "3/

Ä.sp1/ D
³

3 cos i

2a2´4

´
[.µ ¡ ¸/ C "3]; a.sp2/ D ¡

³
3 sin2 i

2a´6

´
.1 C "2/

3 cos 2µ

¸.sp2/ D ¡
µ

3"3 sin2 i cos 2µ

4a2´4.1 C ´/

¶
.1 C "2/.2 C "2/ ¡

µ
sin2 i

8a2´2.1 C ´/

¶
[3.q1 sin µ C q2 cos µ/ C .q1 sin 3µ ¡ q2 cos 3µ /]

¡
µ

.3 ¡ 5 cos2 i/

8a2´4

¶
[3.q1 sin µ C q2 cos µ/ C 3 sin 2µ C .q1 sin 3µ ¡ q2 cos 3µ/]

µ .sp2/ D ¸.sp2/ ¡
µ

sin2 i

32a2´4.1 C ´/

¶
8
>>><

>>>:

36q1q2 ¡ 4.3´2 C 5´ ¡ 1/.q1 sin µ C q2 cos µ/ C 12"2q1q2

¡ 32.1 C ´/ sin 2µ ¡ .´2 C 12´ C 39/.q1 sin 3µ ¡ q2 cos 3µ/

C 36q1q2 cos 4µ ¡ 18
¡
q2

1 ¡ q2
2

¢
sin 4µ ¡ 3

¡
q2

1 ¡ 3q2
2

¢
q1 sin 5µ

C 3
¡
3q2

1 ¡ q2
2

¢
q2 cos 5µ

9
>>>=

>>>;

i .sp2/ D ¡
³

sin 2i

8a2´4

´
[3.q1 cos µ ¡ q2 sin µ/ C 3 cos 2µ C .q1 cos 3µ C q2 sin 3µ/]

q .sp2/

1 D
µ

q2.3 ¡ 5 cos2 i/

8a2´4

¶
[3.q1 sin µ C q2 cos µ/ C 3 sin 2µ C .q1 sin 3µ ¡ q2 cos 3µ /]

C
³

sin2 i

8a2´4

´£
3
¡
´2 ¡ q2

1

¢
cos µ C 3q1q2 sin µ ¡

¡
´2 C 3q2

1

¢
cos3µ ¡ 3q1q2 sin 3µ

¤

¡
³

3 sin2 i cos 2µ

16a2´4

´ "
10q1 C

¡
8 C 3q2

1 C q2
2

¢
cos µ C 2q1q2 sin µ C 6.q1 cos 2µ C q2 sin 2µ/

C
¡
q2

1 ¡ q2
2

¢
cos 3µ C 2q1q2 sin 3µ

#

q .sp2/

2 D ¡
µ

q1.3 ¡ 5 cos2 i/

8a2´4

¶
[3.q1 sin µ C q2 cosµ / C 3 sin 2µ C .q1 sin 3µ ¡ q2 cos 3µ/]

¡
³

sin2 i

8a2´4

´£
3
¡
´2 ¡ q2

2

¢
sinµ C 3q1q2 cos µ C

¡
´2 C 3q2

2

¢
sin 3µ C 3q1q2 cos 3µ

¤

¡
³

3 sin2 i cos 2µ

16a2´4

´ "
10q2 C

¡
8 C q2

1 C 3q2
2

¢
sin µ C 2q1q2 cos µ C 6.q1 sin 2µ ¡ q2 cos 2µ/

C
¡
q2

1 ¡ q2
2

¢
sin 3µ ¡ 2q1q2 cos 3µ

#

Ä.sp2/ D ¡
³

cos i

4a2´4

´
[3.q1 sin µ C q2 cos µ/ C 3 sin 2µ C .q1 sin 3µ ¡ q2 cos 3µ/]

¸q1 D
³

@¸

@q1

´
D

q2

´.1 C ´/
C

q1Vr

´Vt
¡ ´R.a C R/

p2
.q2 C sin µ /; ¸q2 D

³
@¸

@q2

´
D ¡

q1

´.1 C ´/
C

q2Vr

´Vt
C ´R.a C R/

p2
.q1 C cos µ/

2 D 1
.1 ¡ 5 cos2 i/

; ´2 D 1 ¡ q2
1 ¡ q2

2 ; R D
p

1 C q1 cos µ C q2 sin µ
; Vr D

r
¹

p
.q1 sin µ ¡ q2 cos µ/

Vt D
r

¹

p
.1 C q1 cos µ C q2 sin µ/; "1 D

p
q2

1 C q2
2 ; "2 D q1 cos µ C q2 sin µ; "3 D q1 sin µ ¡ q2 cos µ
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