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State Transition Matrix of Relative Motion for the Perturbed
Noncircular Reference Orbit
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A precise analytic solution that includes the effects of the reference orbit eccentricity and differential pertur-
bations is needed for the relative motion of formation-flying satellites. As a result of the spherical Earth and
circular reference orbit assumptions, Hill’s equations, which have often been used for describing relative motion,
are insufficient for the long-term prediction of the relative motion. A new approach, called the geometric method,
is developed to obtain the state transition matrix for the relative motion that includes the effects caused by the
reference orbit eccentricity and the differential gravitational perturbations. The geometric method uses the rela-
tionship between the relative states and differential orbital elements to obtain the state transition matrix instead
of directly solving the complex relative motion differential equations. The state transition matrices are derived for
both mean and osculating elements with the primary gravitational perturbation that results from the equatorial
bulge term J,. Although the results are based on the J; effects, the approach can be extended easily to include other

perturbing forces.

L

HE equations describing the relative motion of satellites are

needed for rendezvousand formation-flying satellites. The ren-
dezvous problemis of short duration, and there are frequentthruster
firings. Therefore, the long-termaccuracy of the equations of motion
is not as important in the rendezvous problem as in the formation-
flying problem, and the Clohessy-Wiltshire equations' (Hill’s equa-
tions) or a modified version incorporating small eccentric effects
are usually sufficient. However, Hill’s equations are based on the
assumptions that the reference orbit is circular, the Earth is spheri-
cally symmetric, and the target orbit is very close to the reference
orbitsuch thatthereis no external perturbing force and the nonlinear
terms in the relative motion can be neglected. These assumptionsre-
sultin unacceptableerrors in the long-term prediction of the relative
motion for formation-flying satellites. To minimize fuel consump-
tion and maximize lifetime, a more accurate solution for the relative
motion is needed.

Closed-form solutions of the relative motion for an elliptic refer-
ence orbit without perturbations were derived independently in the
1960s by Lawden? and Tschauner and Hempel.® The Tschauner—
Hempel solution has numerical singularitiesin that there are terms
with the eccentricity in the denominator. The Lawden solution is
in mixed variables. In 1996 Garrison et al.* used the same basic
approach that is used in this paper to derive another closed-form
solution, but they used different variables with no perturbations.In
addition, there have been several expanded solutions in powers of
the eccentricity forunperturbednoncircularreference orbit. Melton®
used a novel approach to obtain a solution as a function of time or
mean anomaly. Vaddi et al.® derived corrections to the initial condi-
tions for the first-order effects of the eccentricity and J, effects for
zero eccentricity. However, there has been no approach that incor-
poratesthe primary gravitational perturbation J, when the reference
orbit is eccentric.
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The purpose of this paperis to derive the state transition matrices
with both osculating and mean elements for the relative motion
of two neighboring satellites when the reference satellite is in an
elliptic orbit and both satellites are subjected to the J, perturbation.
Using the geometric transformation, the state transitionmatrices are
obtainedin closed form for the mean elements and for the osculating
elements without directly solving the differential equations under
the existence of gravitational perturbation J,.

In this paper the orbital elements of the reference satellite,
named as the Chief, and the relative position and velocity vec-
tors of the target satellite, named as the Deputy, are defined as
e=(a,0,i,q,,q, Q)7 and X=(x,x,y,,2,2)", where 0 is the
argument of latitude, ¢, = e cos w, and ¢, = e sin w. This set is used
because the true anomaly and the argument of perigee are undefined
foracircularorbitand there are numerical problemsin the eccentric-
ity mean to osculating transformation for small eccentricity. After
obtaining the orbital elements of the Deputy by a Taylor-series ex-
pansion about the orbital elements of the Chief, the relative orbital
elements between them are obtained by de = e, — e.. All of the
orbital elements without subscript are for the Chief, and X and e
are for the Deputy. To obtain more accurate results, the curvilinear
coordinate system represented by unit vectors {é,, é,, €.} with the
originatthe Chiefis usedinstead of the local verticallocal horizontal
(LVLH) Cartesian frame. That means that x is the difference in the
radii and y and z are the curvilinear distances along the imaginary
circular orbit on the reference orbital plane and perpendicular to
the reference orbit, respectively, at the instantaneoustime as shown
in Fig. 1.

II. Geometric Method

Using the osculating elements for the Chief and the Deputy
under the influence of J; and the total angular velocity o =
0é, +Qk +i(cosfé, — sinfe,), where {i, j, k} are unit vectors
in the Earth-centered-inertid (ECI) reference frame, the geomet-
ric transformation between X (¢) and de(?) is represented by

X(@) ={A@) + aB(t)}de(t) ()
where a=3J2Rf, R, is the equatorial radius of the Earth, and
the matrix B(#) contains only the terms perturbed by J,. Let
¢. be the state transition matrix for the relative osculating el-
ements, that is, de(t) =¢.5e(ty). Therefore, from the solution
X(@)=o,,(t,1)X (%), the state transition matrix for the relative
motion &, (¢, 7p)is

D, (1, 1) ={A@) + aB(1)}g. (1, t){A(tp) + aB(t)}™' ()
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Fig. 1 Curvilinear coordinate system.

Using the transformation matrix D(¢) from the relative mean el-
ements to the relative osculating elements and the state transition
matrix ¢;(?, ty) for the relative mean elements,

aeosc(t) = D(t)(semean = D(t)q;é(tv tO)Sé(tO)
= D(1)s(t, 1) D™ (tg)Seosc (1)

D) = G)

emean

d, (1, 1p) becomes
@, (1, 1) = {A(1) + a B} D(D)a(t, 10) D" (to)
x{A(ty) + aB(ty)} ™ 4)
The state transition matrix for mean elements is
@, (1, 10) = {A) + aBO))e(t, 10){A(t0) + 2B 1)} ™" (5)
Because the mean and osculating elements are equal when J, =0,

A(t) = A(?). The angular velocities for mean and for osculating
elements are different; consequently, B(t) # B(¢).

Transformation Matrix 3 () = {A() + aB(®)}
Using the approach given in Alfriend et al.,” the position and the
velocity of the Chief and the Deputy are

R. = Ré,
V= (R, + (Rw,)é, + (—Rm,)é,

= (Vrjz)éx + (thz)éy + (anz)éz

R R? 2Raq, R%cy 2Raq, R%s,

s — Jda + | —(q150 — q2c0) |86 — + dq, — + 3q,
a 14 14 14 14 14

y =

z

R0 + Rc;6Q2
R (5981 — cys5;692)

R;=R.+p=(R+x)é +yé, +zé.
by W 5=t i+ (Vi 5+ — Y

+ (Vi + 2 — x5, + yo, )¢, (6)

where
w = (w-r)éx + (wt)éy + (wn)éz (7)

This same approach was used by Garrison et al.* with a different
set of variables to develop the state transition matrix without J,.
Also, the position and velocity of the Deputy can be obtained in
curvilinear coordinates by using the Taylor-series expansion about
the Chief and the geometric transformation:

R+68R 0
R, = 0 +R 80 + ¢;6Q2
0 S81 — €562
Vi, £V, 0
Vi=\ Vip, +8Vy, | + V., 80 +¢; 692
Vs, +8Vay, Sg8i — Co85;692

—3860 — ;692 —85900 + C5;6Q2
+ Vt!z 0 + Vn!z _Cb"” - SQSI-(SQ (8)
Codi + 545,62 0

where s, = siny and ¢, = cosy for the angle y. The variables
with § are obtained by a Taylor-series expansion about the Chief.
The velocity is divided into two parts. The first part is expressed
in terms of the orbital elements and has the same form as that for
unperturbedmotion. The other,denotedby A, is the variationcaused
by only J,.

Vip = Vi +AV;
8Vip =8V, +8AV; (G=rtn ©)
From the orbit equation
SR = (R/a)sa + [(R*/p)(qy sinf — g, cos6)]56 — (2Raqy /p

+ R>cos6/p)3q — (2Rags/p + R*sin6/p)sqs (10)

Therefore, from Eqs. (6-10) the general relationship between X (¢)
and de(f) becomes

X sV, 0 —80 — ;62 —5p81 + 5562 y SAV,

yl=\|sV:|+V, 80 + ¢ 62 +V, 0 + V, | —cpbi —565:6Q |+, | —x | + | AV,

b4 (SV,, s96i — CyS; 682 Cgai + 595,602 0 0 5AVV,
0 —860 — ;62 —S¢81 + Cps; 62 0 -z

+ AV, 66 + ¢; 692
§p01 — CpS; 682

+ AV, 0
Cdi + 555,62

+ AV,

—Cpl8i — 5450 | + @, | 2

+@, |0 a1
0 =y
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To obtain the matrix X (¢) for the osculating elements, use the dis-
turbing function through J,

LR?
RN = —ﬁ(l +ecos £)}Bsinisin? 0 — 1) (12)

2
d (a a
(%)= (%) s
aof a 1 . _sinf(2+ecos f)
§_<R+1—e2>smf_ 1= e

-2 2
oR 0 (R a a
e a§<;> = —a(i> (E) cos f = —acos f

R a(l —eHesinf  Reesinf

af - (14ecos )2~ a(l —e?)

2 2
S _Y 8 (i> Jioa= Lrecsh) -y

oM oE oM R (1—e2)3

The time variationsof the orbital elements caused by J, are obtained
from Lagrange’s planetary equations?

. Jir( +ecos f)?

P 2BUA O T) ngisin20)
4 07177

0(«/

azn

Q:

(1 + ecos f)?cosi sin® 0 (14)

where n=./(u/a*) and > =1 —e>. For convenience, all of the
variables of the Chief and the Deputy without subscripts are os-
culating in this section. The total angular velocity for osculating
elements including the effect of J, is

= (Q2sinfsini +i cos@)é, + (QcosO sini — i sin 0)é,

+ (6 + Qcosi)e, (15)

Because the orbit plane is defined by the position and velocity, the
velocity of the Chief must be in the reference orbital plane. Applying
this constraint gives

QcosOsini =i sinf (16)
and the angular velocity becomes

Qsini
w, = o, =0,

- ) w, =0+ Qcosi  (17)
sin @

The total angular momentum that is always perpendicular to the
instantaneous orbital plane is

h = R’w, = R*(6 + Qcosi) = /up (18)

The time rate of the true anomaly is’

2

fo f(1+ecf) o;f(l—i—eq) [( 1)(1+ecf)cf
azn ea2777

+ 2+ ecy)spsisy] (19)

Using the vis-viva integral and other relationships? the velocity in
terms of the osculating elements is

,,2_R v/ 1/ p(q, sinf — g, cosH)
Vi, = Rw, = /1u/p(1 + g, cos6 + g, sinH)
Vs, =0, AV; =0 (j=rt,n) (20)

Also, from Egs. (9), (10), and (20)
8R = (R/a)sa + (RV,/V,)86 — (2Raq,/p + R*cosf/p)sq,

—(2Rag,/p + R*sin8/p)sq, 1)

SubstitutingEgs. (17),(20),and (21) into Eq. (11) for the generalre-
lationship yields the transformation matrix X (t) = {A(¢) + aB(?)}
for osculating elements. The simplified form of this matrix is in
Appendix A. The matrix A(¢) has the same form as the matrix A(¢)
for the unperturbed noncircular case.” However, they are not nu-
merically the same because the J, effect is implied in all of the
orbital elements and velocity. The inverse matrix £ ~! (¢) is given in
Appendix B. A~!(¢) can be obtained by setting J, =0 in Z71(¢).

Matrix B(¢)

Becausethe mean elementsdescribethe long-termseculareffects,
it might be advantageous to use them for describing the relative
motion. For the mean elements the angular velocity will be different
because the constraint that the velocity must be in the orbit plane
no longer applies. Using the same process just described, but with
only secular variations'® caused by J, after neglecting J} terms,

ol ol e . (s o /M1
a®) = e® =6 = 0, o = =

ay g
o o (s A/ [C 2RV .
Q® —~—— cosiy, M® = —éL + Z _M (3 cos? Iy — 1)
ag ng ag ag g

(22)

where n?2 =1 — g% — g,. The subscriptO means the values at £, and

all of the elements are mean in this section. Because i) =0, the
total angular velocity for the mean elements becomes

w = (Q sin@sini)é, + (2 cosfsini)é,
+ (é(“) + QW cosi)éZ (23)
Also, the variations of the velocity become
AV, = —(R*/p)(q; sinf — g, cos )"

AV, = RcosiQ®, AV, = —RcosfsiniQ® (24)
Therefore, from Eqs. (23) and (24) the relationship ()=
{A(t) +aB(t)} between Xcon and Seme,n can be obtained from
Eq. (11). Although X(7) is a function of the mean elements, A(?)

has the same form as A(¢). Thus, only the matrix B(¢) is provided
in Appendix C.

State Transition Matrix for Relative Mean Orbital Elements ¢; (¢, £))
With only the secular variations by J, in Eq. (12), the mean
elements are

a=a, A =2+ (0 + MO)(t — 1), i =iy

q) = ecosw = q cos[(b(‘” (t — to)] — ¢ sin[(b(‘”(t - to)]
g, = esinw = qo sin[ O — to)] + g2 cos[ O — to)]
Q=Qy+ QU —19) (25)

where all of the elements without subscript are the mean elements.
Now, to obtain the equation for 6 define

0 = f + w = true argument of latitude
A = M 4 @ = mean argument of latitude

F = E + w = eccentric argument of latitude (26)



GIM AND ALFRIEND 959

Fig. 2 Relationship between F and 6.

From Kepler’s equation M = E — e sin E, the modified Kepler’s
equation between A and F becomes

V1 —e2esin(@ — w)

L= (E —esinE =F —
(E+w) —esin 1+ ecos(d —w)

=F —¢q;sinF +q,cos F 27

Figure 2 is used to obtain the relationship between the eccentric
argument of latitude F and the true argument of latitude 6. The
point P in {¢, n} with the angle F is

¢ =acosF, n=asinF (28)
Also, P in {x, y} with the angle f is
SQ Rsin f
x=CS =ae+ Rcos f, y= = (29)
Vi—e2 V1 —é?
Then, from the relationship between two coordinate systems
ae+ Rcos f
acosF) (cosw —sinw Ry
asinF | — \sinw cosw Lsmy
V1 —e?
4R 7 Rsinwsin f
aecosw coswcos f — ———
V1 —e?
= ) (30)
inw+ Rsi f+Rc0sws1nf
aesinw sinw cos —_—
V1 —e?

By defining

B=1/[1—e)+1-e] (31)

the eccentric argument of latitude in terms of the mean elements
becomes

R(l +/3q12) sin@ — BRq g, cosb + aq,
tan F = : (32)
R(l +/3q§) cos — BRq,q,sinf + aq,

where
f= 1 1
(I-gf-@)+y1-gi—q 7+
o all-¢-a3) an’ W)
T + g, cosO + g, sinf T + g; cosO + g, sin6
Therefore, the relationship between A and 6 is
V1 —¢q%>—q%(q, sinf — ¢, cosf
B F o qi — 4;(q, 42 c0s6) (34)

14 g, cosf + g, sinf

After defining the function G and using the variations in Eq. (22),
G=r—1g=(M — M)+ (@ —wy) = (M + &)t — 1) (35)

the state transition matrix for the relative mean elementsis obtained
by taking the Taylor-series expansions of Egs. (25) and (35) about
the Chief,

Semean (1) = B3 (1, 9)S€mean (fo) (36)

This matrix ¢;(, f) is given in Appendix D as a function of time
and the initial mean elements.

Transformation Matrix Between the Relative Mean and Osculating
Elements D(t)

The osculatingelements can be obtained as functions of the mean
elements

€osc = €mean T Aep (37)
where
Ae, = —J,(e, W) (38)

Ae, denotes the long- and the short-period variations caused by
the primary gravitational perturbation J, and are obtained from the
generating function'' via

Wi=w"+w" + w7 (39)

where, in the normalized Delaunay variables (I, g, h, L, G, H)T
and the true anomaly,

=
whr = —(—— 1—G—2 1—5i2
: 32G3 L2 G?
H? HY
x<1—16a+155>s1n2g
spl 1 3H? .
W = e -1+ D (f —1+4esinf)

.)‘pz _ 3
M =56

H2
(1 - 5) |:sin(2f+2g) + esin(f +2g)

e
+55inGf + 2g>} &)
The Delaunay variables are defined as

L= A mna,

| = mean anomaly,

G=L(1-e)%,  H=Gcosi

g = argumant of perigee
h = right ascension 41)

Note that the short-period portion has been separated into two parts
and the mean to osculating transformationis a single transformation
rather than two transformations of mean to long period and long
period to short period as is usually done.!' Using this generating
function, Ae,, is obtained by the transformation, and finally e is
obtained by

(J2 Rf) {e(lp) +etrh e(.fﬂ)} (42)

€osc = €mean —

Then, the transformation matrix D(#) for the relative elements is
obtained by the partial derivatives of the osculating elements with
respect to the mean elements:

anSC

D(1) = =1 — (LR)[D" (1) + D"V (1) + D7 (1)

emean

(43)

The quantities e/?, PV, e©P? DI (t), DEPO (), and D“P? (1)
are in Appendix E in terms of the mean elements €, .
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III. Numerical Evaluation

To evaluate the proposed method, the predicted relative motion
by the geometric method is compared with the numerical results
obtained by numerically integrating the equations of motion of both
satellitesin the Earth-centered-inertial(ECI) reference frame with a
J, ~ Js gravity field, transforming the position and velocity vectors
from ECI frame to the Chief LVLH frame, transforming them to
the curvilinear frame, and differencing them to obtain the relative
position and velocity vectors. The J, ~ J5 gravity field has been se-
lected rather than just J, becauseit is more representativeof the real
world. For the comparison of the theories, the initial conditions are
chosen such that the projection of the relative orbit in the horizon-
tal plane is a circle when the Chief orbit is circular with the same
semimajor axis. The out-of-planemotion is created by a differential
inclination, not differential right ascension. The 0.005 eccentricity
will resultin a slight drift away from this desired orbit even if there
isno perturbation'? because the Deputy initial conditionsbased on a
circularreferenceorbit generate a small differential semimajor axis.

The initial conditions are given in Table 1 along with the differ-
ences in orbital elements. First, the errors in the geometric method
are evaluated for the case of a spherically symmetric Earth. For
validation, the geometric method was compared to the Garrison’s
theory* with J, =0, and they were numericallyequal, demonstrating
that it gives another representation for the relative motion for an

Table 1 Initial conditions for an
unperturbed near-circular orbit

eccentric reference orbit when J, = 0. The errors in the geometric
method are shown in Fig. 3, and they are centimeter level. Because
the geometricmethod incorporatesthe Chief orbiteccentricity, these
small errors are due to the linearization.

For the perturbed relative motion the initial conditionsin Table 1
are consideredas perturbedinitial osculating elements for the Chief
and the osculating values of the relative position and velocity for the
Deputy. The initial mean conditions for the Chief and the Deputy
are obtained by the precedingclosed-formtransformationequations
and shown in Table 2. There will be a small error in the initial mean

1 T T
— X i |
-y
—- 2z
7S IO A N—

Error (m)

Time (Orbit)

a) For osculating elements

Satellite Condition value
Chief
a, km 7100
0, deg 180
i,deg 70
aQ 4,698 x 1073
@ 1.710x 1073
Q, deg 45
Deputy
X, m 0
X, m/s 0.264
y, m 500
y, m/s 0
z, m 0
z,m/s 0.528
Sa,m —0.839
86, deg 4016x 1073
8i, deg —4.054 % 1073
8q1 1.199 x 1077
3q2 3.554% 1077
8S2, deg 0
0.05 ;
B . :
0.04] = ¥ fereeeeens booooeennoees e fomnnnesnnneenns
—- Z ) )
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Fig. 3 Positionerrors in the geometric method for a near-circular orbit

and a spherically symmetric Earth.

1

— ;
A PRVEY N
JEEY !1" I A
AT
VT
— J\1 |ki H |Ku ﬁ
£ A
e \
[AN)
R
A
SAANT
055 5 T 15
Time (Orbit)

b) For mean elements

Fig. 4 Position errors in the geometric method for a perturbed near-
circular orbit.
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Fig. 5 Maximumin-track errors per 1day near the critical inclination.
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conditionsbecausethe osculatingto mean transformationis justfirst
order. The erroris O(J}).

Compared with the numerical solution that includes the J, ~ Js
gravitational perturbations, the errors in the geometric method with
only J, are shown in Fig. 4 for a perturbed near-circular orbit.
Figure 4a shows the errors for the osculating elements, and Fig. 4b
shows the errors for the mean elements. The small and essentially

Table 2 Initial mean conditions for a
perturbed near-circular orbit

Satellite Mean condition value
Chief
a, km 7091.870
6, deg 180.0002
i,deg 69.9880
q1 5.230% 1073
0 1.709 x 103
Q, deg 45.0001
Deputy
x, m 0.710
X, m/s 0.264
y, m 500.135
y, m/s —1.491 x 1073
Zm 0.151
z, m/s 0.527
Sa, m —0.415
86, deg 4019x 1073
8i, deg —4.056 x 1073
8q1 1.601 x 1077
8q2 3.561x107°
8Q, deg 1279x 1075
2 .
R eozo
[ e0:0.2 :
_ e0:0.4 ) :
1.5, B R R 0 Bl SEE SRR
T T
— | |I ot [II A
E H g {\i]ll H il HJ} I I ”
Nl e
el (I NIRRT ]
£ T
5 I||II\J|I|:J|I|”H||:|\||;|||JI
G e o
ERREAERHE AR
L o
s
| [ REERREN |
AT AR R TR IR YRR IR
tadaball ]l\: i |f1|][45: | '\“ﬂ;”lf]ﬂﬂ
i t\,'(uyl\l et diag SR
o n
0 5 10 15
Time (Orbit)
a) For osculating elements
2 =0
_eO_ Lo |H 0t .
——e=02 | 1 I |]Aﬂﬂf|‘
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I T R
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Error in Pmean (m)
o

Time (Orbit)
b) For mean elements

Fig. 6 Geometric method errors for various eccentricities.

negligiblein-track secular growth shown in both figures results from
the neglected terms of O(JZZ). The larger errors in the mean element
solution shown in Fig. 4b occur because a mean element solution
is compared to the exact osculating solution. Thus, the differences
between the errors in two figures are the effects of the long- and the
short-period terms on the relative motion.

This theory is valid for all inclinations except near the critical in-
clinationsand near-equatorialorbits. A new theory'® using equinoc-
tial elements has been developed for the near-equatorialorbits. The
theory is invalid at the critical inclination because the Brouwer the-
ory is not valid at the critical inclinationbecause of the (1 — 5 cos? i)
terms in the denominatorsin the mean to osculating transformation.
Figure 5 shows the maximum in-track error after one day as a func-
tion of inclination near the critical inclination for various eccen-
tricities with the Chief semimajor axis of 12,000 km. From these
results it is concluded that the geometric method is valid except
within 0.25 deg of the critical inclination. In the analytic orbit theo-
ries used by U.S. Space Command and Naval Space Command for
maintainingthe space objectcatalog, the criticalinclinationproblem
is handled by letting (1 —5cos? i) = esign(1 — 5cos’ i) whenever
|1 —5cos?i| < &. This avoids the small denominator problem. This
option was not explored.

Figure 6 shows the errors for various Chief eccentricitiesusing the
relative orbitinitial conditionsin Table 2 with the semimajor axis of
12,000km. The error p in denotes the errorin relative positionof the
Deputy, &, = v/(¢2 + &2 + ¢£2). Althoughthe errors increase some as
the Chiefeccentricityincreases, they are small. Because this solution
is valid for all eccentricitiesand to O(J,), itis likely that these errors
resultfrom the neglectedhigher-ordergravitationalterms, which are
O(J}), and whose magnitudeincreases with increasingeccentricity.

100
— pg=1000
p,=5000 | s
80| — - py=10000 [----------- e
5 L

E
o
£
o] i
m ‘ :
' ) 1" 1 i
e d A A AR Irﬁu“fm
W W LJU\ﬂJ AR 1\? W LWL
0 _l
0 5 10 15
me (Orbit)
a) For osculating elements
100
— py=1000
pp=5000
80| —— p,=10000 |
E
- 60
@
g
a
S 40
e ! !
i " \u' ﬂ
20 EIERISAL m w errfmn
W‘f INJ% Pt IN“\“! W\JW iy

0 5 10 15
Time (Orbit)
b) For mean elements

Fig. 7 Geometric method errors for various radii of the projected cir-
cular relative orbits.
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To evaluate the effect of the linearization, the Chief initial condi-
tions are selected as given in Table 2, and the Deputy initial condi-
tions are selected to resultin a projected circular orbit for a circular
Chief orbit. As shownin Fig. 7, the error increases as the size of the
relative orbit increases and has a small growth in the magnitude as
time passes, where p, is the initial radius of the projected circular
relative orbit. They show the small initial biased errors as a result
of the linearizationin the geometric method.

IV. Conclusions

Using the geometric method, a state transition matrix (STM) of
the relative motion of neighboringsatellites has been derived for the
case of an elliptic Chief orbit and the influence of the gravitational
perturbation J,. The closed-form STMs for both mean elements
and osculating elements have been derived. The comparison with
the numerical solution that includes the effects of the gravitational
perturbations J, ~ Js shows that the geometric method, which in-
cludes the Chief orbit eccentricity and the first-order J, effects, pro-
vides a very precise solution to the relative motion without having
to directly solve the complex relative motion differential equations.
This method can easily be extended to include the effects of other
perturbing forces such as higher-order gravitational terms or differ-
ential atmospheric drag. These STMs are valid for any eccentricity,
and simpler approximated forms can be obtained if the eccentricity
is very small. For example, if the mean eccentricity is 0.0001 then
a much simplified STM might be reasonable only with first-order
non-J, terms and zeroth-order J, terms in eccentricity. This STM
could be developed by dropping the appropriate terms.

Appendix A: Transformation Matrix
) ={A@®)+aB@)}

s _ R _ RV,
n=_ 2= v,
2Ra R?cosf
T =0, Ty = ———
p p
2Raq, R*sin6
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p p
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2 a D
V.a RYV,
Y =0, Yoy = 4 + —Lsin6
p
V.a RYV,
Y5 = 2 _ S5 cos 6, Y =0
p
X3 =0, X3 = R, X3 =0, Y34 =0
235 = O, 236 = Rcosi
3V,
2y —_—_ts 2:42=_Vr
a
(V, sinicosisin20>
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PR

\% \%
Ty = ?t(3aq1 4+ 2R cos6), Y5 = ?t(3aq2 + 2R sin0)

) V, sin® i cosi sinf cos 6
Y4 = V. cosi +a
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V, sini cosi sinf
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Appendix B: Inverse Matrix X7'(¢) = {A()) + aB(®)} !

2a
Ty = (R%V >[30V (R = p) = 2(apV; + R*V})]
o _ 2a%pV,
2T TRy
2aV,
e (W> [2aV2 (R = p) = (apV? + BV7)]

5 = (Rfi’/ )[2av (R =p) = (apV? + R*V?)]
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=i 2 2 2772
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—1 —1 —
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D=0 B s (+>( i )
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_ sin 6 cosi
4 sini
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=—«a
33

pR?
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z5 =0, Y = RV, ’ 2361 = v,
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R2V, RV,

. 1 . .
Ty = —(R2—W> [PV, (V, sin6 + V, cos®) — (R — p)V,?sind]
t

cos®i sin’ @ .
+o| ——— )[pV,cos6 + (R — p)V,sin0]
PR3V,

_ p
>l =
e (va

2;51 = <R2V2>(V sinf 4 V, cos0)[pV, cos + (R — p)V, sinf]

cosz sini cosi sin6 V. sing 42V, 0
oo VR* (V, sin » c0s )

)(V,. sinf + 2V, cos6)

5ot = (09 v coso + (R — pyV, sing] [ S
CR V720 . sini
2V, cos6 — 3V, sin6
=5 =_p( : ), TS =— L) coso
RV, RV,

_ 1 .
B = (R2_W>[pv,.(v,. cos# — V,sinf) — (R — p)V? cosb|
t

cos®i sin’ @ )
+a W [pV,sind — (R — p)V, cosO]
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_ V4 .
> =— == )(V,cos6 — 2V, sin6
* (th2>( t )

1 . .
T = <R2_W> (V,sin@ + V, cos0)[pV, sinf — (R — p)V, cos 8]

cosi sini cosi sin6
X| — ) —a| ——— ) (V,cosO — 2V, sinh)
sini V,R?

o sin @ . cosi
Y = _<RVI2>[er sind — (R — p)V, cos6] (m>

. cosi sin® 6
63 = ¢ PR

-1 —1
Zg =0, Zg, =0,

RV, sini V, sini

V. sin6 + V, cos O sin @
=) =1 r ' =)
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Appendix C: Matrix B(¢)

BHIO, Em:O, BIB=Ov Bl4=O
Bis =0, Bis=0
_ 5nRV, .
By == (5cos’i — 1)
8 ap?V,
= 1 nR
By=————(5cos*i — )[2pV2—V*(R—
n=—g =5y )[2pV2 = VAR = p)]
B 5nRV,-(. { cosi)
= - mni 1
23 2p2vt S COS
= 1 nR o .
g = IV (5cos’i — 1){2V,(Rcosh —aq;) — RV, sin6}
t
_ 1 nR o .
Bys = Zp3V (5cos8”i — 1){2V.(Rsin6 — ag,) + RV, cos 0}
t
By =0
é31 =0, Bn =0, B33 =0
By, =0, Bys =0, By =0
= 7nR 5. = lnR‘/; 2 .
B, = Z—Zcos i By = ~7 2V (Scos“i — 1)
ap '
~ InR . _ nRaqy .
B43=EF(smtcost), By = -2 Pz cosi
- nRaq, . - 1 nRV,cosi 2.
Bys=—2 s cos i, B46=—Zp2—v(5cos i—1
t
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P

G ARV o ]
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Appendix D: State Transition Matrix
for Relative Mean Elements ¢;(z, t,)
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= o [ ngsini .
bie3 =E< °p2 0)(t—to) V. =/ u/p(q:sin€ — g, cos6)

0
= ndoq o COS i Vi =+ 1/p(l +qycosd + g, sinf)
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G — G _ nR _0G _ mRy Appendix E: Transformation Matrix from Mean
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2
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) 2 2
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1 3 ‘ 3sin2i cos 20
- )abr?, e & (1 + £)%[2(1 + &) sin 260 + 3¢5 cos 260], D = — 2SI Cos Y (1+ &)
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9sin® i cos 26
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[4cos6 — 6¢, sind6 — q,(q; sin56 + g, cos 50)]

02 g
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_<_>i<.;p2>’ D;;pZ) — (%) [(g; sin6 4 g, cosB) 4+ 2sin20 + (g, sin30 — g, cos 30)]
a asn

_(Z(; 4)[3(q1 cos6 — ¢, sin@) + 305260 + (¢, cos 30 + ¢, sin 30)]
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,. sin2i -
Dy? = _<8a2n6> {4q1 [3¢05260 — ¢2(35in6 — sin360)] + (1* + 4¢2) (3 cos 6 + cos 30)}

5 sin 2i
D§'5p2) — _< p ) {4q2[3 c0s26 + ¢q;(3cosf + cos30)] — (772 +4q22)(3 sinf — sin30)}
D(.pr) — 3q2(3 - 5C0$2 l)
42 —802174

N 3sin’i
32a7p"
+ [4(1 +342) sin6 + 40q, sin26 + (28 + 17¢,) sin36 + S¢, sin 56|

(sp2) sin 2i
D43p = 24
32a’n

Do _ |:q2(3 —5cos? i)

:|[(q1 cosf — q,sinf) +2cos26 + (g, cos 30 + g, sin30)]

2¢282 — 9¢2(q) cos 36 + g2 sin30) + 12(q, sin40 — g, cos40)
—54¢2(q1 cos 50 + ¢ sin56)

3641(q1 cosO — g, sin) + 30(q, cos20 — g, sin260) — g>(q; sin360 — g, cos 30)
2 +9(q, cos40 + g, sin46) + 3g,(q, sin50 — g, cos 50)

+[6¢1 (3 + 2q; cos @) + 12(1 — 4e;) cos§ + (28 + 17¢;) cos 30 + 3& cos 50]

}{4qd3ﬁn204—qﬂ3cos0——cos30ﬂ-%(n24—4qﬂ(3ﬁn04—$n30”

44 8a2 s
( sin® i ) {[Sql cos 30 — 3¢,(sin@ — sin 36)] }
8a*n* +3[5+ &, + 3 co0s20 + 3(gq; cos 360 + g, sin30)] cos 20

, 2q1[(q) cosO — g, sin6) 4 (g, cos 36 + g, sin30)]
30 sin’ i
- <—ql Szmﬁ l 9cos0 — cos 30 + 2¢, (5 + &) + 6(q; cos 20 + g, sin20)
4atn + cos 20
4241 (q; cos 30 + g, sin30)

Di.ng) _ |:(3 — 5cos?i)

Bae } {(n* +443)[35in 20 + g, 3sin 6 + sin30)] + 24, (17> + 243) (3 cosf — cos 30) |

sin? i
16a2n*

>[6(q1 sin® + 2¢, cos ) — (9¢; sin30 + ¢, cos36) — 9sin49 — 3(¢; sin 56 + g, cos 56)]

34+ 2(2g; cosf —q, sinf) 4+ 10cos 20 4 3(q; cos 36 + g, sin 36)
3g, sin’ i 2q, .
8a—2176 + (g1 cos 50 + g, sin 50)
+ [8cosB +9cos360 + 6(q, cos46 + g, sind6) — cos56]

D(‘fﬂ) =0

5 2 ,
D§‘1p2) — _<_>q2(.;p2)
a

pury _ _|:3q1(3 — 5cos?i)
52 = | T oo

8a2n?
. 3sin’i
32a’n*

(sp2) __ sin 2i
by = _(32a2n4

:|[(q1 cosf — q, sinf) +2cos26 + (g, cos 30 + g, sin30)]

|:2q182 4+ 9q1(q cos36 + g, sin360) — 12(q, cos46 + ¢, sin40):|
—5¢,(q; cos 56 + g, sin 56)
+ [4(1 + 3q22) cosf +40g, sin26 — (28 + 17&;) cos 30 + 5¢, c0s50]

|:36q1 (g sin 6@ + g, cos ) + 30(q; sin26 + ¢, cos 20) + g, (g, sin 30 — g, cos 30):|
4+ 9(q, sin46 — g, cos40) + 3q,(q, sin56 — g, cos56)
— [6g2(3+2g, sin ) + 12(1 +2¢,) sin® — (28 4 17¢;) sin 36 + 3¢, sin 56]
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D;pz) _ _|:(3 — 5cos?i)

Sais } {(n + 44?)[35in20 + ¢>(3 cos 8 — cos 30)] + 2¢; (n* + 2¢?) (3sin0 + sin 36) }

oy
sin” i ) . . .
— ( 6y ) [6(2¢, sin @ + g, cos6) + (¢, sin 360 4+ 9g, cos 30) + 9 sin40 — 3(q, sin 50 + ¢, cos 50)]

3 —2(q, cosO — 2q, sinf) — 10cos 26 — 3(q, cos 30 + g, sin36)
3¢, sin’ i 24, )
N + (q1 cos 56 + ¢» sin 50)

+ [8sinf — 9sin360 — 6(q, sin46 — g, cos46) — sin50]

. g1(3—5co0s?i . . .
DY = — |:l—) {4q2[3 sin26 + ¢, (3 sin6 + sin36)] + (772 + 4q§)(3 cos6 — cos 30)}

8a2n®
( sin? i ) {[qu sin36 + 3¢;(cosd + cos 30)] }
8a*n* +3[5+4+ &, —3cos20 — (q; cos 30 — g, sin36)] cos 20

3sin?i 9sinf — sin360 4 2¢,(5 + &) + 6(q; sin26 — g, cos 26)
- (g, cos20)

da’ns +2q,(g; sin36 — g, cos30)
(sp2)
D56p =0
perd — _[ 2\ qur (sp2) 3cosi ; ~
o = \7 QY] D, " =— W [(g1 cos6 — g, sinf) +2cos260 + (g1 cos 360 + ¢, sin36)]

DEPD _ sini 3 . . .
o =\ Zazy [3(qi sinf + g» cos0) + 3sin 26 + (g, sin36 — g, cos 30)]

s cosi .
DY = —( ) {44:135in26 + ¢, (3 cos — cos30)] + (n* + 4¢2) (3sin6 + sin36) }

4a?n°
DD = (S50 ) (4,13 5in26 + . (3 sin + sin360)] + (i + 442) 3 .
P pyER: q>[3s q,(3sinf +sin36)] + (n° + qZ)( cos@—cos30)}, Dy~ =0
where,
sin? i
al” =, M’m:[% (1 — 100 cos? i) + 12;24 (3 — 55cos i — 2800 cos* i — 40007 cos® i)

2

. 2.
2
g =300 _ [ 2L ) (1 — 100 cos?i 34 =1 2(q: sin 6
Toazn’ ( ) 9192 Tt + 2(q; sin® + g, cos0) +

£ sin26
2

. sin2i
;U — (3202774>(1 - 10®c0s2i)(q12 —qi)

2. 2
apy _ [ diSIn! = 2. 919, 5. P .
q," = ( T6a2n? )(1 —10©cos™ i) — (1602774)(3_55C0S i — 2800 cos*i — 4000 cos’ i)

. 2. 5
(py __ [ 2SI 1 _ = 5. ;9 - . .
9" = ( T6at )(1 100 cos™ i) + (1602774)(3 — 55cos’ i — 2800 cos* i — 40007 cos® i)

cosi
QU = <&> (11 4 800 cos? i + 20002 cos* i)

8a2n*
- 1 —3cos’i) e3(1 —3cos?i) 3(1 —5cosi
Gsph) — (— 1 3_.3 Gpl) — | &3 2 5 ( cos“ i)
a |: 2 :|[( +&) —n ] A |:—402774(1 a [(1 &) +(1+e)+n ]+ —402774 B —r+e3)

e3(1 —3cos?i)

e(a‘pl) — )»(.fpl) _
da*n*(1+n)

}[(1 +2)” + (1 + 1)), i) =0
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wpn | (1 =3cos?i) y 3¢>(1 — 5cos? i)
PP = [m {[(1+2* + 2]l + (1 + ) cosO] + (1 +ex)[(1 +1m) cos 0 +q, (7 — €)1} — €At
wpn | (1 =3cos?i) y ) ) 3q1(1 — 5cos? i)
= [m e+ 0 ]lg: + A +msind] + A+l +msing +ax(n - e} + | == |® — 4 +e3)
3cosi 3sin®i
(spl) __ (sp2) __ 3
QuP _(W>[(9—A)+83], a? __< s )(1+82) cos 20
3 oy R
alrn o | 3EaSIn 1008204 oty — | =0 1 (3(g, sin + g2 cos8) + (g1 5in36 — ga c0s30)]
4a’n*(1+n) T a4y [T ’ ‘ ’
(3 —5cos’i) . . .
= 8a—2n4 [3(q; sinf + g5 cos6) + 3sin26 + (g, sin30 — g, cos 30)]
36¢1q, — 4(3n* + 51 — 1)(q1 sin@ + g cos0) + 126:q,4,
_ _ sin2i —32(1 + 1) sin20 — (n> + 1257 + 39)(q, sin30 — ¢, cos 30)
e(aﬂ) — )»(aﬂ) _
32a2n* (1 +m) | | +36¢,9, cos46 — 18(q12 - q%) sin46 — 3(ql2 - 3q§)q1 sin 50
-|-3(3ql2 - q%)qz cos 56
o) sin 2i , ,
IS Fyp [3(g) cosO — g, sinf) 4 3 cos 20 + (g, cos 30 + g, sin 36)]
n
wp | ©2(3 = 5cos? i) . . )
q, = 8a—2n4 [3(q; sinB + g, cosB) + 3sin26 + (q; sin 360 — g, cos 36)]
sin® i , ) ) ) )
+ 8a_2n4 [3(17 = ql)cose + 34919, sinf — (n + 3q1)c0s30 — 39192 sm30]
(3 o0 e 29) 10g; + (8 +3¢7 + q%) cos@ + 2¢,¢, sin@ + 6(q; cos 20 + g, sin26)
16a2n* + (g% — ¢2) cos 360 + 24,4, sin 36
) 3 — 5cos?i
qé"ﬂ) = —[%} [3(q; sinf + g, cosB) + 3sin26 + (g, sin36 — g, cos 30)]
asn
sin® i N ) Ny
_ saiy [3(17 = q2) sinf + 3q,g, cos6 + (n + 3q2) sin360 + 3¢,4, cos 30]
(3 sin’i cos 20) 10g, + (8 +4q%+ 3q22) sinf + 2q,q, cos @ + 6(q; sin26 — ¢, cos 26)
16a%n* + (ql2 — q%) sin 30 — 2¢,q, cos 36
o2 _ cosi . . . _
Q = v [3(q; sinf + g, cos6) + 3sin26 + (g, sin30 — g, cos 30)]
asn
oA @ @1V, nR(@+R) . ( oA ) 4 @V,  nR@+R)
= (= ) =24 PP (g +sind), A= | = —— 2 P T Gy + cosb)
“ (8q1> n(+m v, P2 ? 7\ 9g, n(l+m v, P2 1
1 p 12 .
O=—, P=1-gql—q, R= , V, = [= 6 — 0
(1 —5cos?i) 7 Wt 14 g cos6 + g, sind p(th sin€ — g cos 0)

V, = /ﬁ(l—i—ql cosé + g, sin6), & =+vaql +432, &, = q,cosf + g, sinéb, &3 = q, sinf — g, cos@
14
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